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Abstract
The current experiments like Planck and future CMB, 21-cm and other large scale structure
surveys will enable cosmology to answer some of the fundamental questions in physics. The
linear perturbation theory may not be accurate enough to interpret the observations from
Planck and future CMB experiments. Second order effects may in particular be important in
constraining the non-Gaussianity in the initial conditions of the Universe. Inhomogeneities
in recombination and reionization amplify the perturbations in the underlying matter density
and the resulting second order effects may be important. I calculate the bispectrum due to
these second order effects and find that they are not an important source of confusion with
the primordial non-Gaussianities. 21-cm observations of the era between the recombination
and reionization will provide a wealth of data in the future. I study what we can learn about
fundamental physics from these observations. In particular I calculate the constraints we
might get from the future data on the existence and properties of cosmic strings, a prediction
of GUT and superstring theories, and the variation of fundamental constants.
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Chapter 1
Introduction
The progress in the last few decades in cosmological physics, both theory and observations,
has enabled us to gain understanding about the structure and origins of the Universe and
develop a model of the Universe which is consistent with the cosmological observations,
the standard model of particle physics and general relativity to a high degree of precision.
To achieve this concordance however requires us to postulate new physics, for example,
new forms of matter and an exotic beginning like inflation. Thus cosmology has already
provided valuable hints about the fundamental physics beyond the standard model. The
current experiments like Planck and future cosmic microwave background (CMB), 21-cm and
other large scale structure surveys will enable cosmology to answer some of the fundamental
questions in physics.
1.1 CMB at Second Order
The CMB together with the assumption of the Copernican principle implies that Universe is
isotropic and homogeneous to a high precision. There were however small inhomogeneities
in the early Universe which later gravitationally collapsed to form the large scale structure
we see today. The study of the inhomogeneities in the CMB and matter distribution pro-
vides important information about the initial conditions of the Universe and fundamental
physics. Until recently first order perturbation theory was sufficient to study the evolution
of primordial inhomogeneities. The linear perturbation theory may not be precise enough
to interpret the observations from high precision experiments like Planck and future CMB
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experiments. Thus it is important to extend the present calculations to higher orders in
perturbation theory. The second order effects may in particular be important in constrain-
ing the non-Gaussianity in the initial conditions of the Universe. The current observation
from Wilkinson Microwave Anisotropy Probe (WMAP) [1] indicate that the initial pertur-
bations were Gaussian to a high precision with a hint of small amount of non-Gaussianity
[2]. Even if the initial conditions are completely Gaussian, the perturbations would become
non-Gaussian at second and higher orders in perturbation theory. It is thus important to
calculate the non-Gaussianity from the second order terms and to quantify the extent to
which the second order effects may be confused with the primordial non-Gaussianity. One
important second order effect is due to inhomogeneities in the electron fraction during re-
combination and reionization. The recombination and reionization processes are a sharp
function of density and thus we expect that the perturbations in the underlying matter den-
sity would get amplified during recombination and reionization and may dominate over all
the other second order terms. I calculate the bispectrum and confusion with the primordial
non-Gaussianity due to these second order effects.
1.2 21-cm Cosmology
The term ’dark ages’ is used to refer to the epoch in the history of the Universe between
recombination and reionization. During the dark ages the primordial fluctuations are still
too small to collapse into stars and light up the Universe. The baryonic matter is mostly in
the form of neutral atomic hydrogen and helium. The CMB photons during this epoch can
excite the 21-cm hyperfine transition of hydrogen although they are not energetic enough to
excite higher levels of hydrogen and helium. The gas during this epoch cools adiabatically
and faster than CMB due to the expansion of the Universe. Thus the gas temperature falls
below that of CMB and results in absorption of the CMB photons by hydrogen. The 21-cm
radiation from the dark ages thus carries information about the Universe during that period.
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Concept studies for experiments to observe this radiation are already underway [3].
I study what we can learn about fundamental physics from these observations, in partic-
ular the variation of fundamental constants and the existence and the properties of cosmic
strings. The standard model of particle physics does not fix the value of fundamental con-
stants, for example, the strength of different interactions. Most theories and ideas about the
physics beyond the standard model allow the fundamental constants to vary in space and
time. Thus constraining and detecting such a variation would provide important insights into
new physics. Another generic prediction of the grand unified theories (GUT) and superstring
theories is the existence of line like topological defects of cosmic sizes, the cosmic strings.
The cosmic strings arise due to symmetry breaking phase transitions in the early Universe
in which the circular symmetry is broken. This is unavoidable if all the three fundamental
forces, excluding gravity, are to be unified at high enough energies and if the early Universe
was once in such a supersymmetric state. The cosmic strings generate perturbations in the
matter through which they move. If the cosmic strings exist, these perturbations which have
a characteristic power spectrum, would get imprinted on the 21-cm signal. I calculate the
21-cm signal due to cosmic strings and the constraints which we can get on cosmic strings
from 21-cm observations of the early Universe.
3
Chapter 2
A Brief Survey of Modern Cosmology
Hubble’s discovery at the beginning of the twentieth century that the distant galaxies are
moving away from us laid down the foundations of modern cosmology [4]. These observations
when interpreted using Einstein’s theory of general relativity lead to a remarkable conclusion:
the Universe is expanding. It was soon realized that at early times the Universe must have
gone through a hot dense phase and there should be relic radiation from that time in the
Universe today, the cosmic microwave background (CMB). Also if the Universe was hot and
dense enough in the beginning then heavier elements could be synthesized from neutrons and
protons. Progress in theory and observations since then and the precise agreement between
the two has now enabled us to build up a standard model of cosmology.
The standard model of cosmology consists of a set of initial conditions for the mostly
homogeneous and isotropic expanding Universe consisting of photons, neutrinos, baryons
and other standard model particles and some extra constituents with temperature &MeV
and evolving according to general relativity and the standard model of particle physics. This
model reproduces all the current observations of CMB, the abundance of light elements and
the large scale structure very accurately. There are several ideas on how to get the Universe in
the initial state, which can be called ’big bang models’, the popular ones being the single field
slow roll inflation, variants of inflation containing more than one field, string theory inspired
models such as brane inflation and ekpyrotic/cyclic model. The idea of inflation manages to
get all the required initial conditions starting with very few assumptions. Many cosmologists
may even consider inflation a part of standard model of cosmology. More precisely, different
big bang models predict slightly different initial conditions although all of them are consistent
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with the current observations. One of the goals of the future cosmological observations is then
to discern the nature of the extra constituents required to explain current observations, dark
matter and dark energy, and to reconstruct the initial conditions accurately to differentiate
between the big bang models. These cosmological questions are inextricably linked with the
questions of fundamental physics. Quantum gravity should provide the physical foundations
for the big bang models and the initial conditions. Fundamental particle physics beyond the
standard model should provide an explanation of the extra constituents, the dark matter
and dark energy, if they don’t arise due to the modifications of general relativity, another
area of fundamental physics accessible by cosmology. With the current experiments like
Planck and future CMB, 21-cm and other large scale structure surveys cosmology will be in
position to answer some of these fundamental questions in physics.
2.1 Standard Model of Cosmology
The standard model of cosmology or the ΛCDM model can be defined by the following set
of assumptions.
1. The Universe is isotropic on large enough scales for at least some observers,
in particular us. This assumption is based on the observations of the cosmic mi-
crowave background radiation (CMB) and matter distribution on scales larger than
the size of galaxy clusters.
2. The Universe is approximately homogeneous on large enough scales. The
homogeneity constraint is really an assumption about the validity of the Copernican
principle: We do not occupy a special place in the Universe. Observations of the
CMB show that this is a good assumption for the early Universe. Any initial inho-
mogeneities are small in accordance with the next assumption. These inhomogeneities
grow with time and collapse to form stars, galaxies, clusters of galaxies and the large
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scale structure that we observe today and this assumption thus breaks down in the
later Universe.
3. There were small inhomogeneities in the energy density of the Universe of
∼ one part in 106 at early times. This is also supported by the observations of
CMB.
4. General relativity (GR) is valid on large length and time scales.
5. Standard model of particle physics describes the microscopic physics at all
times, in particular in the early Universe. We will frequently refer to protons,
neutrons and heavier nuclei collectively as ’baryonic matter’ or baryons unless specified
explicitly otherwise and particles which are not in the standard model as ’non-baryonic’
matter. Thus baryon mass density includes all nuclei. The exception is the baryon
number density (nB) which means number density of protons and neutrons counted
individually.
6. There are massive particles beyond the standard model with weak scale or
weaker interactions with the standard model particles in addition to the
gravitational interaction. We will assume these to be the cold dark matter (CDM)
with masses & Gev.
7. The cosmological constant (Λ) in general relativity equations is not zero.
8. The Universe had a temperature & MeV at early times. This is required for
nucleosynthesis to happen.
There are alternative models that have been proposed in which one or more of the above
assumptions is relaxed or altered. At present there is no evidence for breakdown of any of
the assumptions of the standard model. Thus, given the high precision of current data [1],
any deviations from the standard model have to be small.
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In general relativity the dynamics of the gravitating systems are described in terms
of dynamics of the semi-Reimannian geometry of the spacetime. Application of general
relativity to cosmology has been studied extensively, an excellent review is given in Kodama
and Sasaki (1984) [5]. The most general metric for the Universe that is a solution of the
Einstein’s equations of general relativity and consistent with the isotropy and homogeneous
assumptions is the Friedmann-Lemaˆitre-Robertson-Walker metric.
ds2 = a2(η)
[−dη2 + γijdxidxj] , (2.1)
where η is the time coordinate called conformal time, xi; i = 1, 2, 3 are the spatial coordinates
and γij is the spatial metric. It is given in spherical coordinates by:
γijdx
idxj =
dr2
1−Kr2 + r
2dΩ2, (2.2)
where r is the radial coordinate, K is the constant curvature of the spatial hypersurface and
dΩ2 is the metric on the two dimensional Euclidean sphere. Repeated indices are summed
over following Einstein convention. a(η) is the scale factor which depends only on the time
coordinate. The most general perturbation of the above metric to take into account small
inhomogeneities is then given by
ds2 = a2
[−(1 + 2Ψ)dη2 + 2ωidxidη + {(1 + 2Φ) γij + hij} dxidxj] ,
(2.3)
where Ψ and Φ are the explicitly scalar potentials. ωi can be decomposed into a scalar and
a vector part and hij can be decomposed into a scalar, a vector and a tensor part provided
these perturbations vanish sufficiently rapidly at infinity when the spatial hypersurface is
not compact. This decomposition is always possible for the compact spatial hypersurfaces.
At first order in perturbation theory the vector perturbations decay rapidly with time unless
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there is an active source present, for example, cosmic strings [6]. The tensor perturbations
correspond to the gravitational waves; they are generated, for example, in inflation models.
At present no vector or tensor perturbations have been detected. The freedom to choose the
local coordinates or gauge in general relativity means only two of the four scalar perturbation
variables are independent. There is similar freedom in choosing the vector perturbations
while the tensor perturbations are gauge invariant. Thus we can choose coordinates, called
conformal Newtonian gauge, such that all scalar perturbations except Ψ and Φ vanish.
The variable Ψ is the gravitational potential in the Newtonian limit and thus has a simple
physical interpretation. Moreover Ψ and Φ are simply related to the gauge invariant variables
of Bardeen [7]. We will use conformal Newtonian gauge in what follows. We will also ignore
the vector and tensor perturbations except when considering cosmic strings.
The geodesic equation for massless particles with the metric Equation 2.1 implies that
their energy decreases with expansion. Defining redshift z by 1 + z = a−1, this implies that
for photons frequency ν ∝ 1 + z, and for a Bose-Einstein spectrum temperature T ∝ 1 + z.
For reference, at present time by definition a = 1, z = 0 and photon temperature measured
by Cosmic Background Explorer (COBE) satellite [8–10] is Tγ = 2.725 ± 0.002K with a
blackbody spectrum. These relations, which are independent of the other details of the cos-
mological model, allow us to use the redshift, scale factor and temperature interchangeably
as time variables in the absence of any energy exchange between the photons and other
particles.
We can now use the metric Equation 2.1 in Einstein’s equations keeping the cosmolog-
ical constant and considering a Universe made of matter (baryons and non-baryonic cold
dark matter) and radiation (photons, massless neutrinos and other relativistic particles).
Although neutrinos are known to have at least two mass eigenstates with small non-zero
mass, we will assume them to be massless for simplicity as it doesn’t affect the evolution of
the homogeneous Universe appreciably. This is because by the time neutrinos become non-
relativistic the Universe is already dominated by matter and the small contribution from the
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neutrinos to the energy density of the Universe can be ignored. The effect of non-zero mass
of the neutrinos on perturbations is much more significant and should be taken into account
for precision calculations. We also ignore the contribution from small pressure/velocity dis-
persion of matter to the stress energy tensor. With these assumptions the time-time and
space-space components of the Einstein’s equations with the cosmological constant give the
Friedmann equations:
(
a˙
a
)2
=
8piGa2ρ
3
−K + a
2Λ
3
(2.4)
a¨
a
−
(
a˙
a
)2
= −4piGa
2 (ρ+ 3P )
3
+
a2Λ
3
(2.5)
Note that these equations are conventionally written with proper time t as the time
coordinate defined by dt = a(η)dη. The Hubble parameter H is defined as
H ≡ da/dt
a
=
a˙
a2
≡ H
a
(2.6)
We also define the Hubble parameter at present time (a = 1) to be H0 ≡ H(a = 1),
critical density ρcrit ≡ 3H20/8piG, present matter density parameter (including baryons)
Ωm ≡ ρm(a = 1)/ρcrit, present radiation density parameter Ωr ≡ ρr(a = 1)/ρcrit, present
baryon density parameter Ωb ≡ ρb(a = 1)/ρcrit, present curvature density parameter Ωk ≡
3K/8piGρcrit, and cosmological constant parameter ΩΛ ≡ Λ/8piGρcrit. In terms of these new
parameters the first Friedmann equation is given by
H2 = H20
[
Ωma
−3 + Ωra
−4 + ΩΛ − ΩKa−2
]
. (2.7)
We have also used energy conservation which for a fluid with equation of state ρ = wP
gives ρ ∝ a−3−3w assuming no energy exchange with other fluids. Note that by definition
ΩK = Ωm +Ωr +ΩΛ − 1. Any additional forms of energy, for example dark energy, vacuum
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energy etc., can be added to the above equation if desired. An important point to note
is that the right hand side of Equation 2.5 is negative for normal matter (Pm = 0) and
radiation (Pr = 1/3ρr) if Λ = 0. Thus the Universe is always decelerating (i.e. the second
derivative of the scale factor with respect to the proper time given by the left hand side
of Equation 2.5 is negative) if it consists of only normal matter and radiation but it can
transition to an accelerating phase if Λ > 0. The Friedmann equations together with the
Boltzmann equations for various components composing the Universe describe the evolution
of the homogeneous Universe.
In a similar way we can get the equations for the evolution of perturbations in the energy
density of different fluids, δ(x) ≡ ρ(x)/ρ¯ − 1, where ρ(x) is the energy density at spatial
coordinate x and ρ¯ is the average energy density. We thus have the following parameters of
the standard model and their current best fit values [1]:
H0 Present value of the Hubble parameter = 71km/s/Mpc
Ωb Present baryon energy density = 0.0445
Ωm Present total matter density = 0.261
Ωγ Present total photon energy density or CMB temperature with blackbody spectrum
TCMB = 2.725K
ΩK Curvature parameter, |ΩK | . 0.01. We will assume a flat Universe ΩK = 0 unless
specified otherwise.
ΩΛ Cosmological constant parameter = 0.738
Nν Number of light neutrino species = 3 (+3 antineutrinos).
∑
im
i
ν sum of light neutrino masses. 0.58eV. The energy density parameter for massive
neutrinos is given by
Ων =
∑
im
i
ν
94eV (H0/100)
2 (2.8)
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PΦ(k) The power spectrum of the initial random perturbation in the scalar potential Φ. It is
defined by
〈Φ(k)Φ(k′)〉 = (2pi)3PΦ(k)δ3(k+ k′), (2.9)
where Φ(k) is the Fourier transform of Φ(x), δ3 is the three dimensional Dirac delta
distribution and angular brackets denote the ensemble average. Assuming adiabatic
perturbations, Einstein’s equations then relate the perturbation in Φ to perturbations
in the energy density of different constituents. Perturbations in entropy are constrained
to be small by observations and we ignore them. PΦ(k) is further parameterized by
PΦ(k) = Ask
ns−4 =
8pi2∆2R
9k3
(
k
0.002Mpc−1
)ns−1
. (2.10)
with current best fit values of ∆2R = 2.4 × 10−9 and ns = 0.96. The amplitude
of the power spectrum is alternatively parameterized by σ8 ≡ σ(R = 8h−1Mpc), the
amplitude of matter density fluctuations on scales of R = 8h−1Mpc where h = H0/100.
σ(R) is defined by
σ2(R) =
∫ ∞
0
dk
2pi2
k2Pm(k)
(
3j1(kR)
kR
)2
(2.11)
where j1(x) = [sin(x)− x cos(x)] /x2 is the spherical Bessel function of order 1 and Pm
is the power spectrum of matter (baryon + dark matter) density fluctuations defined
similarly to PΦ.
Ph(k) The power spectrum of the initial tensor perturbations hij defined by
〈hij(k)hij(k′)〉 = (2pi)3Ph(k)δ3(k+ k′), (2.12)
where the sum over ij is implicit on the left hand side. Ph is further parameterized by
Ph(k) = ATk
nT−3 =
2pi2∆2h
k3
(
k
0.002Mpc−1
)nT
. (2.13)
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Primordial tensor perturbations have not been detected so far and the limit on their
amplitude is , r ≡ ∆2h/∆2R . 0.2 assuming the constraint from single field inflation
nT = −r/8 [11].
fNL Non-Gaussian parameter defined by Φ(x) = ΦG(x) + fNL (Φ
2
G(x)− 〈Φ2G(x)〉), where
ΦG(x) is a Gaussian random field. This is a simple parameterization of deviation
from Gaussianity motivated by some inflationary models. In general other types of
deviations from Gaussianity are possible. Current observations constrain the initial
perturbations to be Gaussian to a high precision with |fNL| . 100.
2.2 Non-Standard Physics in Standard Model
One obvious problem with the standard model is the presence of two unknown components,
dark matter and dark energy. Dark matter, if it is a new particle and if it interacts at
all with standard model of particle physics apart from gravitationally, has a weak scale or
weaker interaction with the standard model particles. The gravitational effects of dark mat-
ter are seen from the galactic to cosmological scales. In particular gravitationally it behaves
like ordinary pressureless matter. There are several candidates for dark matter in various
extensions and generalizations of the standard model of particle physics. The evidence for
dark energy is somewhat indirect with the constraints only on the basic properties like the
equation of state and energy density under ideal fluid assumptions. The simplest interpre-
tation consistent with all the current observations is that it is a new fundamental constant,
the cosmological constant in the Einstein’s equations of general relativity.
There is, however, a more fundamental problem with the standard model of cosmology:
Friedmann Equation 2.4 predicts a singularity in spacetime at η = 0. As η, a(η) → 0
temperature T ∝ a−1 and the energy density of radiation and matter grows without bound.
At T & GeV we expect a phase transition from baryons (neutrons and protons) to quark-
gluon plasma. We do not have a good understanding of what happens at even higher
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temperatures, with some grand unified theories (GUTs) predicting more phase transitions
as the three fundamental forces, weak, strong and electromagnetic force, are unified at some
high temperature. In addition, depending on the properties of the dark matter particle, at
early enough times the dark matter may also be coupled and in thermal equilibrium with
the standard model particles.
It is hoped that new, hitherto unknown, physics, in particular the quantum effects in
gravity, will become important before the singularity is reached and provide a resolution
to the singularity problem. This new physics should also be able to provide the initial
conditions required by the standard cosmological model. Two possibilities are inflation [12]
and ekpyrotic model [13]. In inflation a previous phase of exponential expansion provides
the initial conditions for the standard cosmological model and the singularity problem is
transferred to the pre-inflationary Universe. In ekpyrotic model a phase of slow contraction
creates similar initial conditions and the Universe never reaches a singular state. At the end
of inflation or slow contraction the Universe is dominated by a scalar field whose decay then
creates the standard model particles and possibly dark matter and dark energy with a finite
temperature & MeV and almost homogeneous distribution.
2.3 Cosmological Observations
Physics governing the standard model particles is well understood at T . MeV. Current
cosmological observations also directly probe the Universe at T . MeV, however the exper-
imental detection and study of the dark matter may allow us to probe even earlier times
when the dark matter was produced/decoupled from the standard model of particle physics.
We either currently have or expect to have in the future high precision data on the follow-
ing cosmological observables: abundance of light elements, cosmic microwave background,
21-cm radiation and distribution of galaxies, clusters of galaxies and matter.
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2.3.1 Primordial Nucleosynthesis
Synthesis of light elements, referred to as big bang nucleosynthesis (BBN), is the first major
event in the history of the Universe which can be directly probed. At temperatures T & few
MeV but << mµ ∼ 100MeV, the muon mass, the photons, neutrinos, protons, neutrons,
electrons and positrons are in thermal equilibrium. The dark components, dark matter and
dark energy, are assumed to be kinetically decoupled from the standard model particles.
The abundances of protons and neutrons is determined according to the Boltzmann law,
nn
np
=
gn
gp
e−(mn−mp)/T , (2.14)
where np and nn are the number densities of protons and neutrons respectively, gp and gn
are the corresponding statistical weights (= 2 for two spin degrees of freedom), mp and mn
the corresponding masses.
As the Universe expands and cools and the weak interaction rate becomes smaller than
the expansion rate at T ∼ MeV [14]. The neutrinos thermally decouple from electrons at
T ∼ 2MeV. The neutrons and protons also go out of equilibrium as the reaction rates for
weak interactions converting neutrons and protons to each other become negligible compared
to the expansion rate of the Universe below T ∼ 0.7MeV. The neutron and proton abundance
below T ∼ 0.7MeV is determined by the decay of neutrons to protons. At T ∼ 0.5MeV
the electrons and positrons can no longer be thermally produced and they annihilate into
photons raising the photon temperature above the neutrino temperature, Tν = (4/11)
1/3 Tγ.
Later, when the thermodynamic equilibrium between the photons and baryons also breaks
down, we must distinguish between the photon temperature (Tγ) and electron or baryon
temperature (Te) also.
The residual interaction between e± and ν, although small at Tγ ∼ 0.5MeV, is important
as is the temperature difference between the plasma and the neutrinos. The annihilation of e±
into neutrinos and scattering between the neutrinos and the hotter electrons/positrons results
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in heating up of the neutrinos and adds a spectral distortion to the Fermi-Dirac distribution
of neutrinos. The exact distribution of neutrinos is important for nucleosynthesis, but for
most other calculations, for example CMB, only the total energy in neutrinos is important,
and it is sufficient to take the heating of neutrinos into account by defining an effective
number of neutrino species N effν ≈ 3.04.
The first step in primordial nucleosynthesis is the production of deuterium from neutrons
and protons. This reaction cannot proceed until the abundance of deuterium destroying
photons (energy greater than the binding energy of deuterium) become rare compared to
the baryons at Tγ ∼ 0.07MeV. This temperature is much smaller than the deuterium binding
energy of ∼ 2MeV due to the small number density of baryons (here baryons means the usual
neutrons and protons) compared to photons, ηB = nB/nγ ∼ 10−10. At this time the ratio
of neutrons to protons is ∼ 0.12. Once deuterium can form, the chain of nuclear reactions
proceeds rapidly with almost all of the neutrons ending up in the most tightly bound nucleus
in the chain, helium (He4). Due to the absence of any stable nucleus with 5 or 8 nucleons and
the inefficiency of three body reactions at the low density of baryons at that time, almost
no elements with mass number greater than 7 are produced. The nucleosynthesis is over by
Tγ ∼ 0.01MeV with the following abundance of light elements [15, 16] (Xi = ni/nB, where ni
is the number density of species i and nB the number density of baryons): X4He = 6× 10−2,
X2H = 2.5× 10−5, X3He = 10−5, X3H ∼ 10−7, X7Be ∼ 10−10, X7Li ∼ 10−11, X6Li ∼ 10−14 and
XM . 10
−15, where XM is the abundance of all heavier metals.
3H decays to 3He with a
half-life of 12.32 years (corresponding to z = 2.5×105) emitting an electron with an average
energy of 5.7 KeV. 7Be in fully ionized state is stable but once it recombines to 7BeIV at
z ∼ 2.5× 104 it decays into 7Li by electron capture in a time much smaller than the age of
the Universe at that time (half-life of 53.22 days). The 89.56% of the decays are into the
ground state of 7Li with the neutrino taking away most of the energy released. 10.44% of
the decays end up in excited state of 7Li which then relaxes to ground state by emitting a
477.6 KeV photon.
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Measurements of abundances of 4He, 3He, 2H, 7Li and 6Li provide information about the
state of the Universe at T = MeV ∼ 0.01MeV and is in particular sensitive to the energy
density of different particles at that time.
2.3.2 Cosmic Microwave Background
Thermalization of Primordial Radiation
The massive charged particles in the primordial plasma, electrons and ions, are kept in ther-
mal equilibrium by Coulomb scattering and they have the Maxwell-Boltzmann distribution
at all times. At high redshift (z & zcs = 3× 105) elastic Compton scattering can achieve full
kinetic equilibrium between photons and electrons and a Bose-Einstein distribution for pho-
tons is established[17]. At z & zbb = 2×106 photons can be efficiently created and destroyed
by double Compton scattering (e−+γ  e−+γ+γ) and bremsstrahlung (e−+X  e−+X+γ,
where X is an ion) making the chemical potential of the photons µγ = 0, i.e. a black body
spectrum is established. Subsequent redshifting of photons due to the expansion of the Uni-
verse preserves this black body, and in general a Bose-Einstein, spectrum. Energy injection
into the plasma at z . zbb will cause the photon spectrum to deviate from a black body
distribution. If energy injection occurs at zcs . z . zbb the photons will relax to a Bose-
Einstein distribution with positive chemical potential. At z . zcs full kinetic equilibrium
cannot be established and energy injection leads to a deviation from the Bose-Einstein dis-
tribution. In particular the decay of the primordial 3H results in a photon chemical potential
of µγ ∼ (Q3H/Te)(n3H/nγ) = (5.7KeV/59eV)(10−7/1010) = 10−15. Additional distortion of
the photon spectrum is caused by decay of 7Be at z ∼ 2.5 × 104. The high energy photons
released by the decay of 7Be scatter off electrons loosing energy until the energy transfer
rate neσTν/me becomes smaller than the expansion rate H. This happens at critical energy
νC = meH/neσT |z=25000 ∼ 100eV [18]. Thus almost all of the 477.6KeV per photon goes
into heating the electrons with the net energy dumped as a fraction of the radiation energy
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density ∆/γ = (fγQ7Be/Te)(n7Be/nγ) = 0.1(477.5KeV/5.9eV)(10
−10/1010) ∼ 10−16. This
results in a chemical potential as well as a y type distortion of same order. But perhaps
more important is the slight excess of (nexcessγ ∼ 0.1n7Be ∼ 10−10n4He) high energy photons
in the Wein region of the photon spectrum at x ≡ ν/Te ∼ 100/5.9 ∼ 17. The change in
chemical potential and y distortion due to heating of the electrons is probably too small
to be detectable directly. These distortions and the excess photons will also leave a small
imprint in the recombination spectrum of 4HeII [19, 20] but unfortunately this effect is also
likely to be too small to be detectable. However we should note that the measurements of
the spectral distortions is not limited by cosmic variance, the minimum unavoidable uncer-
tainty in the measurement of the statistics of the random density perturbations in matter
and radiation. This µγ and y distortion also represents the minimum spectral distortion that
must be present in the CMB.
Recombination
Due to large number density of photons compared to baryons, nγ/nB ∼ 1010, nuclei and
electrons cannot recombine until the photon temperature Tγ ≈ Te is much smaller than the
ionization potentials of atoms/ions and the number density of high energy ionizing photons
has become small compared to the number density of nuclei. For 7BeV → 7BeIV this
happens at z ∼ 2.5× 104, as mentioned above. The next important recombination is that of
helium. 4HeIII→ 4HeII recombination happens between 4500 . z . 7000 and 4HeII→ 4HeI
recombination happens at 1600 . z . 3000. Finally hydrogen recombines at 1800 . z . 800
and the free electron number density drops sharply, with ne≪ nB by z ∼ 800. Each of these
recombinations results in release of additional photons due to transitions between the atomic
levels. The detection of this recombination spectrum can provide a new measurement of the
helium fraction and the baryon density in the future[21] and possibly even a measurement
of the primordial 7Be and 3H abundance.
The optical depth for Compton scattering of photons τ also gets much smaller than unity
17
and photons decouple from electrons and baryons. This decoupling is however not complete,
due to the large number density of photons there are enough collisions between electrons and
photons to keep the electrons and hence the gas temperature same as that of the photons
until z ∼ 500. This small transfer of energy from photons to gas has negligible effect on
the photon spectrum. Apart from small secondary distortions from scattering and lensing
at 0 ≤ z ≤ 800, these photons provide a clear and sharp view of the early Universe. By
redshift z = 0 these photons have redshifted to microwave wavelengths and are known as
the cosmic microwave background (CMB).
Perturbations
The perturbations in the metric and the stress energy tensor components are a function of
the spacetime coordinates. A choice of gauge corresponds to a choice of slicing of spacetime
into a time coordinate and a spatial hypersurface and we can take the Fourier transform of
the perturbation field with respect to the spatial coordinates. In linear perturbation theory
different Fourier (k) modes evolve independent of each other and thus can be studied sepa-
rately. The initial perturbations in the metric and stress-energy evolve with time, undergo
gravitational collapse and set up oscillations in the photon-electron-baryon fluid. The evolu-
tion of the perturbations depends on the scale and the background evolution and is different
for different fluids. On scales larger than the horizon the perturbations in the potential Φ
are conserved during both the radiation and the matter dominated epochs. There is a small
decay (a factor of 9/10) when going from radiation to matter domination. During the early
times when the energy density of the Universe is dominated by radiation, the perturbations
which enter the horizon cannot collapse gravitationally due to the radiation pressure but
instead set up oscillations in the plasma (which has a sound speed cs ∼ 1/
√
3). Dark matter
just follows the radiation dominated gravitational potential which decays due to the expan-
sion of the Universe. Thus for the perturbations in the dark matter, small scale modes which
enter the horizon during the radiation domination are suppressed. The modes which enter
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Figure 2.1: CMB power spectrum [`(`+ 1)C`/2pi]
1/2. The peaks are due to the acoustic
oscillations in the baryon-photon plasma with the first peak roughly at twice the scale of
sound horizon at the time of recombination. The power spectrum is heavily suppressed at
` & 2000 due to free streaming of photons on small scales. Figure originally published in
Ref. [22]. The CMB power spectrum calculation was done with the publicly available
numerical code CMBFAST [23]
the horizon during the matter domination escape this suppression and as a result there is a
characteristic peak in the autocorrelation function or the power spectrum corresponding to
the horizon size at the redshift when the energy densities of matter and radiation were equal.
For the photon-electron-baryon plasma the acoustic oscillations setup by the perturbations
continue until recombination at z ∼ 1100 when baryons and photons decouple. With the
radiation pressure gone, baryons can now collapse gravitationally while the photons free
stream with the picture of sound waves in the primordial plasma at the time of recombina-
tion frozen in them. The primordial acoustic oscillations are also imprinted on baryons and
later dark matter as the two matter components influence each other gravitationally and
converge to a common distribution. For inflationary initial conditions, the cosine modes are
excited, i.e. the potential Φ is constant as η → 0. At the time of recombination the modes
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which are ∼ twice the sound horizon size (defined by rs ≡
∫ η
0
dη′cs(η
′)) are just at their
first peak (in absolute magnitude) while those which are ∼ 4rs/3 are near zero, similarly
for the other multiples of the sound horizon according to zeros and peaks of cos(2pirs/λ).
Thus we have a characteristic pattern of peaks and troughs in the power spectrum of CMB
perturbations and to a lesser extent in the power spectrum of matter perturbations. On very
small scales, corresponding to the mean free path of photons, the photons free stream even
before recombination and inhomogeneities in the CMB are thus smoothed out. In addition
the finite time that it takes for the plasma to recombine and the increase of the mean free
path of the photons during recombination increases the damping scale. This results in sup-
pression of the CMB power spectrum on small scales (k & kD, where kD is the wavenumber
corresponding to the damping scale during recombination). The matter power spectrum is
dominated by the dark matter which is not affected by the damping in the plasma and thus
retains power even on k > kD.
Since we observe the CMB as a function of direction nˆ, it is convenient to decompose
the observed signal in spherical harmonics,
a
(1)
lm(x, η0) ≡
∫
dnˆΘ(1)(x, nˆ, η0)Y
∗
`m(nˆ)
= 4pi
∫
d3k
(2pi)3
eik.x(−i)`Θ(1)` (k, η0)Y ∗`m(kˆ), (2.15)
where Θ(x, nˆ, η0) ≡
[
Tγ(x, nˆ, η0)− T¯γ(η0)
]
/T¯γ(η0) is the temperature anisotropy, x is the
spatial coordinate of observer, T¯γ is the average CMB temperature and the superscript
(n)
denotes the perturbation order. At first order in perturbation theory the Fourier transform
of Θ(x, nˆ, η0) with respect to x, denoted by the symbol Θ(k, nˆ, η0), depends on the direction
nˆ only through the factors of µ ≡ kˆ.nˆ and thus can be decomposed into multipole moments
Θ
(1)
` (k, η0) ≡
1
(−i)`
∫ 1
−1
dµ
2
Θ(k, µ, η0)P`(µ), (2.16)
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where P`(µ) is the Legendre polynomials of order `. The Fourier transform and spherical
harmonic conventions are defined in Appendix A. For an isotropic and homogeneous Universe
the ensemble average 〈a`ma`′m′〉 = (−1)mδ``′δm−m′C` is independent of the position x and the
power spectrum C` is independent of m. The power spectrum C` contains all the statistical
information in the two point correlations of the anisotropies and is plotted in Figure 2.1.
2.3.3 21-cm Radiation
During recombination the free electron fraction drops sharply to xe ≡ ne/nH ∼ 10−4 by
z ∼ 800. After z ∼ 800 the recombination in the residual plasma slows down and there
is a gradual fall in the free electron fraction until the first stars form around z ∼ 30 and
start reionizing the Universe. This residual ionization is efficient in transferring energy from
the photons to the baryons by Compton scattering and the electron/baryon temperature Te
remains equal to the radiation temperature Tγ ∝ 1 + z. The drop in the electron number
density due to the expansion of the Universe makes this process inefficient by z ∼ 500
bringing to completion the thermal decoupling between the photons and the baryons. At
z . 500 the adiabatic cooling of the baryons due to the expansion of the Universe is faster
than that of photons, Te ∝ (1+ z)2 as shown in Figure 2.2. The baryons between the end of
recombination (z ∼ 800) and the start of reionization (z ∼ 30), the era known as the ’dark
ages’, are in the form of neutral atomic hydrogen (∼ 76% by mass) and helium (∼ 24%
by mass) in their respective ground states with small amounts of deuterium, helium-3 and
lithium-7 created during BBN. The ground state of hydrogen has a hyperfine splitting, called
21-cm excitation, of energy levels with the ground state corresponding to the spins of proton
and electron in opposite direction and total angular momentum F = 0 and an excited state
corresponding to the spins of proton and electron being aligned in the same direction with
total angular momentum F = 1. The energy difference between the two states is small
enough, T? ≡ ∆E = 0.068K, λ ∼ 21.1cm, ν ∼ 1420.4MHz, to be excited by the background
CMB radiation which is by now too cold to excite any higher energy levels of hydrogen or
21
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GasSpin
Figure 2.2: Thermal history of the Universe from recombination to reionization. At z ∼ 30
first collapsed structures are expected to start forming causing departures from these plots.
In particular the baryons will be heated above the CMB temperature in regions around the
first stars and quasars and the spin temperature will get coupled to the gas temperature
again due to Lyman-α radiation that will fill these regions. Figure originally published in
Ref. [22].
helium. It is convenient to relate the number densities ns in the singlet ground state with
F = 0 and degeneracy gs = 1 and nt in the excited triplet state with F = 1 and degeneracy
gt = 3 by a Boltzmann factor by defining the spin temperature Ts,
nt
ns
=
gt
gs
e−T?/Ts . (2.17)
In thermal equilibrium the temperature Ts is the actual temperature of the gas or radiation
field in which the gas is immersed. This spin temperature is also shown in Figure 2.2 by
the curve labeled ’spin’. At z & 500 the gas and CMB have the same temperature and
the 21-cm excitation is in thermodynamic equilibrium with the gas and CMB through spin
changing collisions between the atoms and emission and absorption of the CMB photons.
Thus at z & 500, Ts = Te = Tγ . At z . 500 the gas temperature deviates from that of CMB.
The gas density is high enough for atomic collisions to dominate over radiative processes
for z & 200 and the spin temperature remains equal to the gas temperature, dropping
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Figure 2.3: 21-cm power spectrum [`(`+ 1)C21` /2pi]
1/2
. The acoustic oscillations are not
visible since they are less pronounced in the matter power spectrum compared to CMB.
21-cm signal is not suppressed on small scales unlike CMB where photon free streaming
suppressed the power spectrum on scales smaller than the mean free path of photons.
However on the very small scales, ` & 2× 106, the perturbations in the 21-cm signal also
get suppressed due to baryon pressure which causes the decay of the perturbations similar
to the radiation pressure during the radiation dominated epoch. Figure originally
published in Ref. [22].
below that of CMB. At z . 200 as the gas density drops the collisions become inefficient
and the radiative processes of emission and absorption of the CMB photons also become
important. No one process completely dominates over the other and we have Tγ > Ts > Te
with Ts → Tγ as the gas density decreases with expansion of the Universe and the efficiency
of collisions decreases. Thus in the redshift range 30 . z . 200 we have Ts . Tγ resulting
in the absorption of background CMB photons at ∼ 21 cm rest wavelength. This 21-cm
absorption signal redshifted today to 7MHz . νobs . 46MHz thus carries information about
the Universe at 200 & z & 30. In particular the 21-cm signal carries information about
the perturbations in the gas density and temperature during the dark ages. Also any non-
standard physics at that time leaves an imprint on the 21-cm signal. Since the matter density
perturbations are not affected by the free streaming of photons during the recombination,
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the perturbations on small scales in the 21-cm signal are not suppressed as is the case with
the CMB. We can define the power spectrum for the 21-cm signal from a redshift z, C21cm` (z),
similar to the CMB power spectrum C`. The 21-cm power spectrum is shown in Figure 2.3
for different values of z. In practice the observed 21-cm signal would be the averaged signal
over a redshift bin of finite width corresponding to the bandwidth of the radio telescope.
The 21-cm power spectrum has significant power up to ` ∼ 106 (comoving wavenumber
k ∼ 1000Mpc−1) compared to ` ∼ 3000 (k ∼ 0.1Mpc−1) for CMB. Also the 21-cm signal
can be independently measured at different redshifts compared to a single measurement at
recombination for CMB, i.e. 21-cm signal probes a volume of the early Universe compared to
a surface probed by CMB (the last scattering surface). The amount of information contained
in CMB or 21-cm radiation can be quantified by the number of independent modes (k or
`) that can be measured. For 21-cm radiation this number is ∼ `3 ∼ 1016 (200 ≥ z ≥ 30)
compared to CMB which has ∼ `2 ∼ 107 independent modes. Thus the 21-cm signal has in
principle many order of magnitude more information compared to the CMB. Moreover the
21-cm radiation probes a new redshift range (200 ≥ z ≥ 30) which is not accessible by any
other means. Although deuterium also has a hyperfine transition (λ = 92 cm) and is present
during the dark ages, its abundance is too low to be measured independently and provide
useful cosmological information. There is a possibility however of measuring the deuterium
signal by cross-correlating it with the 21-cm signal from hydrogen and thus providing a
measurement of the primordial abundance of deuterium [24].
2.3.4 Distribution of Matter at z ≤ 30
At z ∼ 30 the first stars are expected to form and the radiation from these first collapse
objects starts the process of reionizing the Universe [25]. The free electrons created during
reionization scatter the CMB photons and thus leave a small imprint on the CMB. The
newly formed stars also flood their surroundings with Ly-α radiation. The absorption and
emission of Ly-α photons heats up the gas and also brings the 21-cm hyperfine transition
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into thermodynamic equilibrium with the photon spectrum around Ly-α frequency. Thus if
we define a Ly-α temperature TLy−α which describes the photon spectrum around να (i.e.
temperature of a black body with the same intensity at να), then in the regions around
the first stars we have Ts = TLy−α = Te > Tγ . Thus we will have 21-cm emission from
the atomic hydrogen surrounding the first stars. The 21-cm emission from the epoch of
reionization 30 & z & 6 carries information about not only the primordial perturbations but
also the process and astrophysics of the reionization and it is difficult, if not impossible, to
separate the primordial part that is important for cosmology. There is also a possibility of
observing the ultraviolet radiation from the first structures. Galaxies and clusters of galaxies
at z ≤ 6 trace the matter density and can be observed in x-ray, optical and possibly using
the 21-cm radiation from the neutral hydrogen in galaxies in the future. In particular the
lensing by matter at low redshifts of high redshifts objects, high redshift 21-cm radiation
and CMB gives information about the total matter distribution, including dark matter. The
structure formation is however a highly non-linear process and erases the information about
the initial conditions on scales smaller than ∼ 10Mpc. Thus on scales . 10Mpc 21-cm
radiation from the dark ages is the only probe which can give information about the initial
conditions since during the dark ages perturbations are linear even on the smallest scales.
Similar to the CMB, there are acoustic peaks in the matter power spectrum also, frozen
in since the time of recombination and their evolution can be accurately calculated using
perturbation theory. They thus provide a standard ruler with which to measure the geometry
of the Universe. Type 1a supernovae (SNe-1a) have an almost universal relation between
their luminosity as a function of time and total luminosity and thus provide standard candles.
Other types of supernovae and gamma ray bursts could also be used as standard candles if
their properties can be understood well enough and universal relations among them could
be found [26]. These standard rulers and candles constitute important observables, free
from many systematic uncertainties associated with other observables. In particular the
observations of the SNe-1a have constrained the recent expansion history of the Universe
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and provided the evidence for dark energy.
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Chapter 3
Fundamental Physics with
Cosmological Observations
There are numerous areas of fundamental physics accessible by cosmology which provides
an approach that is complementary to the experimental physics, in particular high energy
accelerators like the Large Hadron Collider (LHC). I will focus on the different approaches
to constraining the fundamental physics using cosmology inspired by recent progress in the-
oretical cosmology, currently ongoing experiments and experiments that have been proposed
to be built in the future, in particular CMB and 21-cm cosmology experiments. My dis-
sertation explores aspects of connecting fundamental physics with cosmology using three
different approaches: primordial non-Gaussianity, variation of fundamental constants and
cosmic strings.
3.1 Primordial non-Gaussianity
The primordial fluctuations imprinted on the CMB have been measured with high precision
by WMAP [1] and have been found to be consistent with the initial curvature perturbations
on a spatial hypersurface Φ(x) being an ergodic Gaussian random field. There is however a
possibility that the initial perturbations are not completely Gaussian [2] and there is a non-
negligible measurable non-Gaussianity. The statistical distribution of the initial conditions
is an important observable for distinguishing between different big bang models and provides
information about the new physics beyond the standard model. One of the useful ways to
parameterize the non-Gaussian part of the distribution is to add a non-linear (NL) term to
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the Gaussian initial perturbations at an early time ηi
Φ(x, ηi) = ΦG(x) + fNL
(
Φ2G(x)− 〈Φ2G(x)〉
)
, (3.1)
where ΦG(x) is a Gaussian random field with mean variance ∼ 10−10 and zero mean. The
term in parenthesis also has zero mean but it makes the perturbations Φ(x) non-Gaussian.
The angular brackets denote ensemble average. The deviation from non-Gaussianity intro-
duced this way is very small, ∼ fNL × 10−5. Current observations constrain fNL . 100
[1]. This parameterization accurately describes the non-Gaussianity arising in a variety of
different models, although other different types of deviations from Gaussianity are possible.
The above type of non-Gaussianity is called local type since the non-Gaussian perturbation
at a point Φ(x) depends only on the corresponding coordinate x. One way to constrain the
above type of non-Gaussianity is by measuring the bispectrum. The bispectrum must vanish
if the perturbations are Gaussian with zero mean and thus provides a useful and convenient
probe of non-Gaussianity of the local type which results in non-zero bispectrum.
3.1.1 Inflation
The simplest model which can generate the required initial conditions consistent with the
observations is the single field slow roll inflation. In this model a scalar field in the early
Universe, called the inflaton, drives the exponential expansion of the Universe making the
Universe smooth and homogeneous. The quantum fluctuations of the inflaton get transfered
to the matter and radiation created at the end of inflation. The Fourier transform of the in-
flaton field has the equation of motion of a quantum harmonic oscillator for each wavenumber
k in the limit that the potential is almost flat and the perturbed inflaton field can be treated
as a free massless scalar field. The different Fourier modes of the inflaton fluctuations are
independent and uncorrelated random variables with a Gaussian distribution. In real space
the perturbations in the inflaton field then, according to the spectral representation theorem
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(Theorem 5.4.2 in [27]), form a stationary Gaussian random field. At second order and be-
yond in perturbation theory we would get terms similar to the non-linear term in Equation
3.1. The resulting coupling between different Fourier modes would make the perturbations
non-Gaussian in Fourier space and hence in real space even in single field slow roll inflation.
These non-Gaussianities are small if the perturbations are small and |fNL| is of the order of
slow roll parameters which characterize how flat the inflaton potential is. Thus the slow roll
inflation predicts Gaussian fluctuations with |fNL|≪ 1 [28].
Inflation, a phase of exponential expansion in the early Universe, is the most straightfor-
ward to produce an isotropic and homogeneous Universe. Thus most big bang models are
variants of the single field slow roll inflation idea, adding more fields, scalar or otherwise,
and with different forms of the Lagrangian describing the dynamics of the fields and their
interactions. Since no scalar field or particle, the most famous being the Higgs, has been
detected so far, probing the initial conditions certainly probes new physics. An important
distinction between different inflationary models is that not all produce Gaussian initial
perturbations. In particular adding more than one field can destroy the independence of
different oscillator modes of the field and the coupling between different Fourier modes can
give rise to non-Gaussianity. The Fourier modes may however remain uncorrelated thus
maintaining stationarity or statistical homogeneity.
3.1.2 Ekpyrotic Models
The number of inflationary models is too numerous to list here [29] while very few alternatives
to inflation have been proposed. In inflation we have a special smooth field which gets
diluted slower than matter or radiation as the Universe expands and thus comes to dominate
the energy density of the Universe after enough time has elapsed, making the Universe
smooth and homogeneous. The quantum fluctuations in the scalar field source the curvature
perturbations of the standard big bang cosmology. An alternative to inflation has been
proposed which takes the opposite approach. Instead of a scalar field in flat potential
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resulting in an equation of state parameter w ≡ p/ρ = −1 we postulate a scalar field with
the equation of state parameter much greater than that of radiation, w >> 1/3 and instead
of a rapidly expanding Universe we start with a slowly contracting Universe [13]. Thus as
the Universe contracts, the energy density of the smooth scalar field rises faster than matter
or radiation and comes to dominate the energy density of the Universe after enough time has
elapsed, resulting in a homogeneous and isotropic Universe. The quantum fluctuations in
the scalar field source the curvature fluctuations similar to the inflation case. The potential
required to make the equation of state w >> 1 in the ekpyrotic case is steep compared to
the flat potential in the inflation. In particular the different Fourier modes of the quantum
fluctuations are no longer Gaussian. The coupling between the Fourier modes thus gives rise
to non-Gaussianity in the ekpyrotic model which is much larger than the single field slow
roll inflation model [30].
The scarcity of alternatives to inflation signifies the difficulty of creating an initial homo-
geneous and isotropic Universe with almost Gaussian seed perturbations with a particular
power spectrum without inflation. Both inflation and ekpyrotic models rely on a smooth
scalar field which dominates the dynamics of the Universe at an early epoch. However
there is no reason for the scalar fields of the inflation and ekpyrotic models to be funda-
mental scalar fields. It is much more likely that the scalar field just provides a convenient
effective description of the dynamics which is really governed by some other fundamental
physics. This is indeed the case in ekpyrotic models where the scalar field just provides
a convenient and simplified description of dynamics of two branes colliding in the context
of superstring theory. Similarly for inflation also the scalar field description could be an
effective description of some fundamental microphysics, for example, the recently proposed
neutrino Bardeen-Cooper-Schrieffer (BCS) condensate could behave as the scalar field of
inflation [31].
The statistics of primordial fluctuations, in particular deviation from Gaussianity, con-
tains important information about the fundamental physics. However just as non-linear
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coupling of Fourier modes can give rise to deviations from Gaussianity in inflation and ekpy-
rotic models, the non-linear evolution in the standard cosmology after the big bang also
makes the perturbations non-Gaussian even if the initial perturbations were purely Gaus-
sian. Thus we need to go beyond the linear perturbation theory and take into account the
non-linear contributions due to the standard physics after the big bang before constraining
the new physics before the big bang. I do a second order calculation for the CMB anisotropies
taking into account the contribution of the second order effects due to inhomogeneities in
the recombination and reionization processes to the CMB bispectrum.
3.2 Variation of Fundamental Constants
The question of variation of fundamental constants was first considered by Dirac [32, 33]. In
any fundamental physical theory with more than one dimension we have to fix conversion
factors between different dimensions as was first realized in the special theory of relativity,
with the speed of light acting as a conversion factor between the spatial and temporal di-
mensions. Such conversion factors cannot be considered fundamental constants and can be
eliminated by using a single physical unit of measurement for everything. Once the conver-
sion constants have been fixed, the only parameters in the theory would be dimensionless
numbers and they would be the true fundamental constants. Ideally in the fundamental the-
ory which would, in principle, describe all physics, we would like that there is no freedom to
choose even the fundamental dimensionless constants and that they be fixed by the theory,
a conjecture proposed by Einstein [34]. However nothing we know at present prevents the
fundamental constants from varying in space and time. Even if the fundamental constants
in the unified theory are fixed, the derived constants in the effective low energy pieces of the
theory that we know about today could vary. In the absence of such a theory of everything
the best we can do is to take the dimensionless fundamental constants in the low energy
effective theories that we have and constrain these constants. Henceforth we will refer to
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these low energy fundamental constants as simply the fundamental constants. Variation, or
the lack of it, of these fundamental constants in space and time would have to be explained
by the unified theory and thus place important constraints on it.
In the present standard model of particle physics the obvious fundamental constants are
the coupling strengths of different interactions and ratios of masses of elementary particles.
For example, the coupling constant for the electromagnetic interaction is the dimensionless
fine structure constant α ≡ e2/~c, where e is the quanta of charge which is well defined as the
charge of the electron which is an elementary particle. The interpretation of other couplings
is not as straightforward. In particular for gravitational interaction we can construct a di-
mensionless coupling constant given by αG = Gm
2
p/~c using Newton’s gravitational constant
G and proton mass mp [35]. The proton however is not an elementary particle. In fact we
don’t have a fundamental quanta of mass since gravity is not quantized in the current theory
which is general relativity. Using the proton mass couples the gravitational interaction so
defined with the other forces since proton is a composite particle and its mass depends on
the strong, weak and electromagnetic interactions. Similar problem arises with the electron
to proton mass ratio µ = me/mp. Also note that the masses that appear in the electron to
proton mass ratio are usually measured without reference to the gravitational interaction
and thus are the inertial masses. General relativistic principle of equivalence is required to
connect the gravitational mass in αG to the inertial mass in µ.
Regardless of the above complications in the interpretation of any positive detection of a
variation in any of the fundamental constants, it is clear that the variation in space and time
of the magnitude of fundamental constants, if detected, would provide important clue about
fundamental physics. The present candidates for the theories which unify some or all of the
four fundamental forces do not forbid the temporal or spatial variation of the low energy
fundamental constants and in some theories (for example GUTs and superstring theories)
it is natural for the fundamental constants to evolve with time [35]. In addition, in certain
models dark energy can couple to the standard particle physics and could cause variations
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in the fundamental constants of the standard model [36–38].
At present the earliest constraints we can get on the variation of fundamental constants
are from CMB and BBN at z & 1000 while the quasar observations provide constraints
at z . 6. 21-cm cosmology opens up the possibility of constraining the variation in the
fundamental constants in the hitherto unexplored redshift range 200 & z & 30, the dark
ages. In addition to being complementary to the other observables, 21-cm cosmology has
the potential to provide constraints many orders of magnitude tighter than are possible
by CMB and BBN which constrain the variation in α at the level of ∼ 1%. I calculate
the constraints possible on α using the 21-cm signal from the dark ages and show that 21-
cm cosmology has the potential to provide constraints comparable to or better than those
available from the quasar observations but at much higher redshifts.
3.3 Cosmic Strings
Cosmic strings are line like topological defects that arise whenever there is phase transition
in the Universe if the vacuum manifold contains unshrinkable loops [39, 40]. GUTs and
superstring theories predict cosmic string producing phase transitions in the early Universe.
Formation of cosmic strings can be understood by considering a field theory with a complex
scalar field φ with a Lagrangian such that the Lagrangian and the high energy state are
invariant with respect to the changes in the phase of the field, i.e. a transformation φ→ φeiθ
leaves the Lagrangian unchanged, a manifestation of U(1) or circular symmetry. However the
low energy state depends on the phase which is required to be continuous. A simple example
is given by the complex scalar field in a potential with Lagrangian L = ∂µφ∗∂µφ−V (φ) and
the potential of the form V (φ) = λ(|φ|2−A2)2, where A, λ are constants as shown in Figure
3.1. At high energies the field lives at the top of potential and is zero everywhere. But at low
energies the field acquires a non zero value and thus a definite phase. If such a field is present
in the early Universe then as the Universe expands and cools the field will make a phase
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Figure 3.1: An example of U(1) symmetry breaking. At high temperatures the complex
field φ = 0 but as temperature drops there is a phase transition to the ground state with
φ = Aeiθ ≡ φx+ iφy which is degenerate with respect to the value of phase θ. φ = 0 state is
obviously invariant with respect to change in phase while φ = Aeiθ is not.
transition from the high energy state to the ground state and acquire a phase. Causally
disconnected regions of the Universe will however acquire random phases. Thus there will
inevitably be some loops in space such that going around the loop changes the phase by 2piN ,
where N is a non-zero integer. This change in phase is conserved and does not change as we
shrink the loop. The continuity of phase then requires that the field must acquire multiple
values of phase at some point inside the loop. This is however possible only if the field is
zero since only then the phase can be assigned multiple values. Also the null point must
continue in the third direction giving rise to a string. The zero field however corresponds
to the high energy state of the field. Thus we have high energy states or topological defects
trapped in the otherwise ground state configuration of the field. These topological defects
are the cosmic strings. Also continuity requires that the cosmic strings can either terminate
on themselves forming loops or continue ad infinitum.
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Almost all theories attempting to the unify electroweak force with the strong force pre-
dict a U(1) symmetry breaking transition at high enough temperature. Thus it is a great
surprise that the cosmic strings have not been observed so far. We know from the laboratory
experiments that the topological defects do arise during symmetry breaking phase transi-
tions. Topological defects have been observed in phase transitions in the laboratory in the
liquid nematic crystals [41] including counterparts of cosmic strings, monopoles associated
with the non-contractible spherical surfaces or SO(3) symmetry and textures associated
with non-contractible 3-spheres. In superfluid 3He vortices arise due to breaking of U(1)
symmetry just as cosmic strings arise in the breaking of gauge U(1) symmetry in the early
Universe [42]. In superconductors the counterparts of the cosmic strings are the magnetic
flux tubes and they have also been detected [43]. The properties of the string like defects
formed in the laboratory experiments agree well with those predicted for the cosmic strings.
In particular a cosmic string network, once formed, has been shown in the simulations to
approach a scaling solution where the total length of the cosmic strings in a horizon volume
is proportional to the horizon size at any time. Similar scaling relations have been observed
in the laboratory experiments. One condition for the cosmic strings to be present in our
observable Universe is that they must be created after inflation otherwise they are inflated
away just like monopoles, another kind of topological defect that inflation was designed to
get rid of.
The spacetime around the cosmic strings is globally conical but locally flat, i.e. a slice
of space can be thought of as missing. The particles or photons crossing the string thus
experience a change in momentum towards the string. This can give rise to lensing of the
photons and perturbations in the matter in the form of wakes left behind a moving string.
Cosmic strings produce perturbations at all times in contrast with inflation that imprints
them on the Universe once and for all. One result of this is that the anisotropies produced
at different times add up incoherently and no longer result in acoustic peaks in the CMB.
Thus the observations of CMB from WMAP [1] have already limited the cosmic string
35
contribution to less than 10%. 21-cm cosmology provides another probe of cosmic strings in
the early Universe through the effect of cosmic strings on the matter density perturbations.
I calculate the constraints that the future 21-cm experiments can place on cosmic strings
and the underlying fundamental physics.
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Chapter 4
Crinkles in the Last Scattering
Surface
The work presented in this chapter was published in R. Khatri and B. D. Wandelt, Phys.
Rev. D 79, 023501 (2009) [44]; Phys. Rev. D 81, 103518 (2010) [45]. Copyright (2009,2010)
by the American Physical Society.
4.1 Introduction
First order perturbation theory has been of sufficient accuracy for analysis of the Cosmic
Microwave Background (CMB) observations so far. However future CMB experiments will
have high enough precision that second order effects would need to be taken into account
for theory to have similar accuracy. The second order contributions will in particular be
important for the higher order statistics like the three point correlation or the bispectrum.
Second order effects in CMB have been studied previously [46–58]. Bartolo et al. have
derived the Boltzmann equations at second order and also the analytic solutions for the
CMB transfer function at second order with some simplifying assumptions [59, 60], see also
[61].
All numerical and analytic calculations at second order so far have ignored the contribu-
tion arising from the perturbations in the electron number density, δe. These contributions
are expected to be small since δe multiplies the collision term which has contributions from
the difference of first order radiation and electron dipoles , radiation quadrupole and higher
order moments of the radiation transfer function. These terms are small during recombi-
nation compared to the monopole terms. Recombination however depends on matter and
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radiation densities and perturbations in the electron number density can be quite differ-
ent from the perturbations in the matter and radiation densities. This was calculated by
Novosyadlyj [62] who showed that this is indeed the case and perturbations in the electron
number density can be ∼ 5 times the baryon number density perturbations.
We will calculate the CMB bispectrum on all scales arising due to the perturbations in
the electron number density and compare it with the bispectrum expected from a primordial
non-Gaussianity of the local type. This is a full numerical calculation without any other
approximation except that we only consider terms involving δe. The following cosmolog-
ical parameters would be used for numerical calculations (values at redshift z = 0 unless
specified): baryon density Ωb = 0.0418, cold dark matter density Ωc = 0.19647, cosmo-
logical constant ΩΛ = 0.76173, number of massless neutrinos Nν = 3.04, Hubble constant
H0 = 73, CMB temperature TCMB = 2.725, primordial Helium fraction yHe = 0.24, redshift
of reionization zri = 10, primordial gravitational potential power spectrum P (k) = 2pi
2/k3
4.2 Inhomogeneous Recombination
We will use the code DRECFAST [63] by Novosyadlyj [62], which is a modification of the
recombination code RECFAST [64] to calculate the perturbations in the electron number
density δe = (ne− n¯e)/n¯e during recombination. ne is the local electron number density and
n¯e is the mean electron number density. Perturbations in baryon (δb) and photon density (δγ)
result in perturbations in the electron number density with an amplitude that is amplified
because of the sharp dependence of the recombination process and hence the electron number
density on the baryon and photon number density. This can be seen in Figure 4.1 which
shows the ionization fraction as a function of (1+ z)3 ∝ nH during recombination. A change
of a factor of ∼ 4 leads to a change of a factor of ∼ 20 in the ionization fraction.
We can decompose the first order temperature perturbation in Fourier space into ` modes
as Θ(1)(η,k, nˆ) =
∑
`(−i`)(2`+1)P`(nˆ.kˆ)Θ(1)` (η,k), where P`(nˆ.kˆ) are the Legendre polyno-
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Figure 4.1: Ionization fraction x ≡ ne/nH , where nH is the number density of hydrogen
nuclei and ne is the electron number density, as a function of (1 + z)
3 ∝ nH during
recombination, 1600 . z . 1000. A change of a factor of ∼ 4 in the hydrogen number
density results in a change of a factor of ∼ 20 in the ionization fraction.
mials. For the second order temperature perturbation we will use the spherical harmonic de-
composition defined by, Θ
(2)
`m(η,x) =
∫
dnˆΘ(2)(η,x, nˆ)Y ∗`m(nˆ) and similarly in Fourier space.
Note that this differs from the convention used in [65] by a factor of (−i)−`
√
2`+1
4pi
. Also the
electron velocity, ve
(1), is equal to the baryon velocity to a high precision and we will drop
the subscript on v. We will not consider the full second order Boltzmann equation [59] but
only the terms involving the perturbed electron density. This is given by:
∂Θ(2)
∂η
+ nˆ.∇xΘ(2) − τ˙Θ(2) = −τ˙ δe
[
Θ
(1)
0 −Θ(1) + nˆ.v(1) −
1
2
P2(vˆ(1).nˆ)Π(1)
]
− τ˙
[
1√
4pi
Θ
(2)
00 (η,x) +
1
10
∑
m
Θ
(2)
2m(η,x)Y2m(nˆ) + v
(2)(η,x).nˆ
]
(4.1)
where η is conformal time and η0 its value today. Θ = ∆T/T = Θ
(1)+Θ(2)+ higher order terms
is the fractional perturbation of CMB temperature, superscripts indicate the order of per-
turbation while subscripts denote the multipole moment. All other perturbations are of first
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order and we will omit the superscript for them. Vector quantities are in bold face and their
magnitudes in normal face withˆdenoting unit vectors. We will omit the factor of 1/2 usu-
ally multiplied with the second order term [59]. nˆ is the unit vector along the line of sight,
τ˙ ≡ dτ/dη = −n¯eσTa is the mean differential optical depth due to Compton scattering, σT
is the Thomson scattering cross section and a is the scale factor. We will take the electron
velocity to be equal to the baryon velocity v. P2 is the Legendre polynomial of order 2 and
Π(1) = Θ
(1)
2 +Θ
(1)
P0+Θ
(1)
P2 is the polarization term, subscript P denoting the polarization field
[66]. Note that this partial equation is gauge dependent because δe depends on the gauge.
We will be using conformal Newtonian gauge for δe. The combinations of terms multiplying
δe is gauge invariant. All perturbed quantities are functions of η and coordinates on spatial
slice x. Θ is in addition a function of line of sight angle nˆ.
4.3 Line of Sight Integration at Second Order:
Method 1
In what follows all perturbation variables are functions of coordinates on spatial hypersurface
x, line of sight angle nˆ and conformal time η in real space and functions of Fourier mode k, nˆ
and η in Fourier space unless specified otherwise. We will use the same symbols for real space
and Fourier space quantities but that should not cause any confusion as only one quantity
is needed at a time. We will use the following metric signature with Φ = Φ(1)+Φ(2)+ ... etc.
and ignoring vector and tensor modes
ds2 = a2(η)
[−e2Ψdη2 + e2Φdx2] .
We start with the first + second order Boltzmann equation for photons in real space, ignoring
second order metric perturbations and second order terms which are products of first order
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terms but do not contain δe.
d
dη
[
Θ(1)(η,x, nˆ) + Ψ(1)(η,x) + Θ(2)(η,x, nˆ)
]− ∂
∂η
(−Φ(1)(η,x) + Ψ(1)(η,x)) =
n¯e(η)σTa(η)
[(
1 + δ(1)e (η,x)
) (
C(1)(η,x, nˆ)−Θ(1)(η,x, nˆ)−Θ(2)(η,x, nˆ))
+
1√
4pi
Θ
(2)
00 (η,x) +
1
10
∑
m
Θ
(2)
2m(η,x)Y2m(nˆ) + v
(2)(η,x).nˆ
]
, (4.2)
where we have defined C(1) which is given in Fourier space by
C(1)(η,k, nˆ) ≡ Θ(1)0 (η,k)−
1
2
Θ
(1)
2 (η,k)P2(kˆ.nˆ) + v
(1)(η,k).nˆ, (4.3)
d
dη
denotes the total derivative which is equal to ∂
∂η
+ ni d
dxi
along the line of sight to zeroth
order. nˆ denotes the line of sight direction, σT is the Thomson scattering cross section. We
now add n¯eσTa(1 + δ
(1)
e )Ψ(1) to Equation 4.2. Doing this and rearranging terms we get,
[
d
dη
− τ˙ (1 + δ(1)e )
] [
Θ(1) +Ψ(1) +Θ(2)
]
= R(η,x, nˆ),
R(η,x, nˆ) ≡ ∂
∂η
(−Φ(1)+Ψ(1))− τ˙
[(
1 + δ(1)e
) (
C(1) +Ψ(1)
)
+
1√
4pi
Θ
(2)
00
+
1
10
∑
m
Θ
(2)
2mY2m(nˆ) + v
(2).nˆ
]
, (4.4)
where τ(η) = − ∫ η0
η
τ˙ dη. η0 is the conformal time at a = 1. Now we use the fact that along
the photon geodesic x is a function of η to write Equation 4.4 as
e
−
∫ η0
η
dη′τ˙
(
1+δ
(1)
e
)
|
x(η′)
d
dη
[(
Θ(1) +Ψ(1) +Θ(2)
)
e
∫ η0
η
dη′τ˙
(
1+δ
(1)
e
)
|
x(η′)
]
= R (4.5)
Note that the above equation can only be written if the integrals appearing are evaluated
along the line of sight and so x ceases to be an independent variable outside the integrals.
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Integrating Equation 4.5 formally along the line of sight results in
(
Θ(1) +Ψ(1) +Θ(2)
) |x(η0)(η0) =
∫ η0
0
dηe
∫ η0
η
dη′τ˙
(
1+δ
(1)
e
)
|
x(η′) [R]
x(η)
=
∫ η0
0
dηe−τ
(
1 +
∫ η0
η
dη′τ˙ δ(1)e |x(η′)
)
[R]
x(η) (4.6)
In the last line we have assumed that
∫ η0
η
dη′τ˙ δ
(1)
e |x(η′) is small compared to unity and ap-
proximately of same order as δ
(1)
e , which is a good enough assumption once recombination
starts.
Taking the second order part of the above equation we get
Θ(2)|x(η0)(η0) =∫ η0
0
dηe−τ
[
(−τ˙)
{
δ(1)e
(
C(1) +Ψ(1)
)
+
Θ
(2)
00√
4pi
+
1
10
∑
m
Θ
(2)
2mY2m(nˆ) + v
(2).nˆ
}
+
{∫ η0
η
dη′τ˙ δ(1)e |x(η′)
}{
∂
∂η
(−Φ(1) +Ψ(1))− τ˙ (C(1) +Ψ(1))}]
x(η)
. (4.7)
If we consider a single observer then we do not have an independent three dimensional
space variable with respect to which we can Fourier transform this equation. If we consider
all possible observers then y ≡ x(η0) spans all space at time η0 and we can write x(η) =
x0+nˆη = y+nˆ(η−η0) along the line of sight. Now all quantities in Equation 4.7 are functions
of the same variable y and we can take Fourier transform with respect to it. The result is
(Note that all perturbation variables are Fourier transforms of the respective quantities in
the rest of this section, we omit the arguments (k) where there is no confusion.)
Θ(2)(η0,k, nˆ) =
∫ η0
0
dηeik.nˆ(η−η0)e−τ(η)
[
(−τ˙(η))
{(∫
d3k′
(2pi)3
δ(1)e (k
′, η)
× (C(1)(k′∗, η) + Ψ(1)(k′∗, η))
)
+
Θ
(2)
00 (η,k)√
4pi
+
1
10
∑
m
Θ
(2)
2m(η,k)Y2m(nˆ)
+v(2)(η,k).nˆ
}
+
{∫
d3k′
(2pi)3
∫ η0
η
dη′eik
′.nˆ(η′−η)τ˙(η′)δ(1)e (k
′, η′)
}
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×
{
∂
∂η
(−Φ(1)(k′∗, η) + Ψ(1)(k′∗, η))− τ˙(η) (C(1)(k′∗, η) + Ψ(1)(k′∗, η))}
]
, (4.8)
where we have used the properties of Fourier transform when the variable getting transformed
is shifted and which gives the phase factors on the right hand side. We have also defined
k′∗ ≡ k− k′. We could also have chosen initial point x0 = y′ or x(η1) = y1 as our integration
variable for any fixed η1 and got the same result.
4.4 Line of Sight Integration at Second Order:
Method 2
Another way to do the formal integration of the Boltzmann equation is to move all terms
containing δ
(1)
e and primordial potentials to the right hand side in Equation 4.2, take Fourier
transform of the resulting equation and then integrate along the line of sight. In that case
the solution for Θ(2) is
Θ(2)(η0,k) =∫ η0
0
dηeik.(x(η)−x(η0))e−τ
[
(−τ˙)
{(∫
d3k′
(2pi)3
δ(1)e (k
′)
(
C(1)(k′∗)−Θ(1)(k′∗)))
+
Θ
(2)
00√
4pi
+
1
10
∑
m
Θ
(2)
2mY2m(nˆ) + v
(2).nˆ
}]
(4.9)
We now integrate by parts in variable η the term involving Θ(1). The boundary terms vanish,
resulting in
∫ η0
0
dηeik.(x(η)−x(η0))e−τ τ˙
(∫
d3k′
(2pi)3
δ(1)e (k
′)Θ(1)(k′∗)
)
=
∫
d3k′
(2pi)3
e−ik.x(η0)
∫ η0
0
dηeik
′.x(η)τ˙ δ(1)e (k
′)
(
e−τeik
′∗.x(η)Θ(1)(k′∗)
)
=
∫
d3k′
(2pi)3
e−ik.x(η0)
∫ η0
0
dη
{∫ η0
η
dη′eik
′.x(η′)τ˙(η′)δ(1)e (k
′, η′)
}
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× d
dη
(
e−τeik
′∗.x(η)Θ(1)(k′∗)
)
. (4.10)
We now use the first order equation for Θ(1) to obtain
∫
d3k′
(2pi)3
e−ik.x(η0)
∫ η0
0
dη
{∫ η0
η
dη′eik
′.x(η′)τ˙(η′)δ(1)e (k
′, η′)
}
e−τeik
′∗.x(η)
×
(
−τ˙C(1)(k′∗)− i(k′∗).nˆΨ(1)(k′∗) + −∂Φ(k
′∗)
∂η
)
=
∫
d3k′
(2pi)3
eik.(x(η)−x(η0))
∫ η0
0
dη
{∫ η0
η
dη′eik
′.(x(η′)−x(η))τ˙(η′)δ(1)e (k
′, η′)
}
e−τ
×
(
−τ˙C(1)(k′∗)− i(k′∗).nˆΨ(1)(k′∗) + −∂Φ(k
′∗)
∂η
)
(4.11)
By doing integration by parts once again on terms containing Ψ in Equation 4.11, similar
to what is done in solving the first order Boltzmann equation [11], and then using the result
in Equation 4.9, we obtain Equation 4.8. This shows the simple connection between the two
approaches.
In Equation 4.9 it is readily apparent that there is cancellation between the collision
term C(1) and Θ(1). This point is somewhat obscured in Equation 4.8 since the cancellation
is now happening between δe terms. Nevertheless we have shown the exact equivalence of
the two approaches and that there is cancellation of first order terms which leads to a small
value of fNL even though the electron number density is enhanced by a factor of ∼ 5. It is
also clear from Equation 4.9 that the term which causes the cancellation, δ
(1)
e Θ(1), has no
direct counterpart among the source terms in the first order Boltzmann equation. Thus we
have to be careful while using analogies with the first order Boltzmann equation to estimate
the second order solutions [67].
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4.5 Boltzmann Hierarchy at Second Order
In order to use the formal line of sight solution to calculate the CMB anisotropies we need the
second order CMB monopole Θ
(2)
00 , electron velocity v
(2) and CMB quadrupole Θ
(2)
2m which
requires us to solve the second order Boltzmann hierarchy. The Boltzmann equation for
photons in Fourier space, ignoring all the first order terms that do not involve the electron
number density perturbation is [65]
Θ˙(2)(k, nˆ, η) + inˆ.kΘ(2)(k, nˆ, η)− τ˙Θ(2)(k, nˆ, η) = S(2)(k, nˆ, η)
S(2)(k, nˆ, η) ≡− τ˙
∫
d3k′
(2pi)3
δ(1)e (k
′∗, η)
[
−
∑
`′′
(−i)`′′(2`′′ + 1)P`′′(nˆ.kˆ′)Θ(1)`′′ (k′, η)
+Θ
(1)
0 (k
′, η) + nˆ.kˆ′v(1)(k′, η)− 1
2
P2(kˆ
′.nˆ)Π(1)(k′, η)
]
− τ˙
[
Θ
(2)
00√
4pi
(k, η) +
1
10
∑
m′
Θ
(2)
2m′(k, η)Y2m′(nˆ) + v
(2)(k, η).nˆ
]
=− τ˙
∫
d3k′
(2pi)3
δ(1)e (k
′∗, η)
[
−
∑
`′′≥2
(−i)`′′(2`′′ + 1)P`′′(nˆ.kˆ′)Θ(1)`′′ (k′, η)
+nˆ.
(
kˆ′v(1)(k′, η)−V(1)γ (k′, η)
)
− 1
2
P2(kˆ
′.nˆ)Π(1)(k′, η)
]
− τ˙
[
Θ
(2)
00√
4pi
(k, η) +
1
10
∑
m′
Θ
(2)
2m′(k, η)Y2m′(nˆ) + v
(2)(k, η).nˆ
]
, (4.12)
whereV
(1)
γ is the first order photon velocity. V
(1)
γ and V
(2)
γ , the second order photon velocity,
are defined as follows [65]:
(ργ + pγ)Vγ =
∫
d3p
(2pi)3
fp,
Vγ
(1)(k′) =
3
4pi
∫
dnˆΘ(1)(k′, η, nˆ)nˆ,
V(2)γ (k, η) =
3
4pi
∫
dnˆΘ(2)(k, η, nˆ)nˆ− 4
∫
d3k′
(2pi)3
Θ
(1)
0 (k− k′, η)V(1)γ (k′, η)
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≈ 3
4pi
∫
dnˆΘ(2)(k, η, nˆ)nˆ (4.13)
In the last line we have ignored the second term since it does not contain δ
(1)
e . We remark
that this extra term in the above equation partially cancels a term of the form Θ
(1)
0 × v(1)
in the full second order equation. The dot product of photon velocities with line of sight
direction which appears in the Boltzmann equation is given by
Vγ
(1)(k′).nˆ =− iΘ(1)1 (k′, η)4pi
∑
m′
Y ∗1m′(kˆ
′)Y1m′(nˆ)
V(2)γ (k, η).nˆ =
∑
m′
Θ
(2)
1m′(k, η)Y1m′(nˆ). (4.14)
We choose zˆ axis along kˆ and take the spherical harmonic transform of Equation 4.12
Θ˙
(2)
`m =τ˙Θ
(2)
`m − ik
[√
(`−m)(`+m)
(2`− 1)(2`+ 1)Θ
(2)
`−1m +
√
(`+ 1−m)(`+ 1 +m)
(2`+ 3)(2`+ 1)
Θ
(2)
`+1m
]
+ S
(2)
`m ,
S
(2)
`m ≡− τ˙
∫
d3k′
(2pi)3
δ(1)e (k
′∗, η)
[
− (1− δ`0)(1− δ`1)4pi(−i)`Θ(1)` (k′, η)Y ∗`m(kˆ′)
−1
2
4pi
5
Y ∗2m(kˆ
′)δ`2Π
(1)(k′, η)
]
− τ˙
[
Θ
(2)
00 δ`0δm0 +
1
10
Θ
(2)
2mδ`2 + V
(2)
m δ`1
+Smδvδ`1
]
(4.15)
In above we have defined
Smδv ≡
∫
d3k′
(2pi)3
δ(1)e (k
′∗, η)
[
4pi
3
Y ∗1m(kˆ
′)
(
v(1)(k′, η) + 3iΘ
(1)
1 (k
′, η)
)]
(4.16)
and V
(2)
m δ`1 is the spherical harmonic transform of v
(2).nˆ. All second order quantities are
functions of (k, η). Note that different m modes are independent of each other. Now we can
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write down the Boltzmann hierarchy explicitly.
Θ˙
(2)
00 =−
ik√
3
Θ
(2)
10
Θ˙
(2)
1m =− ik
[√
1
3
Θ
(2)
00 δm0 +
√
4−m2
15
Θ
(2)
2m
]
− τ˙
[
V (2)m −Θ(2)1m + Smδv
]
(4.17)
Θ˙
(2)
2m =− ik
[√
4−m2
15
Θ
(2)
1m +
√
9−m2
35
Θ
(2)
3m
]
+
9τ˙
10
Θ
(2)
2m − τ˙Smδ2 (4.18)
For ` ≥ 3,
Θ˙
(2)
`m =τ˙Θ
(2)
`m − ik
[√
(`−m)(`+m)
(2`− 1)(2`+ 1)Θ
(2)
`−1m +
√
(`+ 1−m)(`+ 1 +m)
(2`+ 3)(2`+ 1)
Θ
(2)
`+1m
]
− τ˙Smδ`
Smδ2 ≡
∫
d3k′
(2pi)3
δ(1)e (k
′∗, η)
[
4piΘ
(1)
2 (k
′, η)Y ∗2m(kˆ
′)− 4pi
10
Y ∗2m(kˆ
′)Π(1)(k′, η)
]
Smδ` ≡
∫
d3k′
(2pi)3
δ(1)e (k
′∗, η)
[
−4pi(−i)`Θ(1)` (k′, η)Y ∗`m(kˆ′)
]
(4.19)
We note that the first order monopole does not appear in the above equations. Also the first
order photon dipole is partially cancelled by the first order electron dipole. Thus only the
first order quadrupole and higher multipoles contribute to the hierarchy. These first order
terms are small during recombination and thus we should expect the second order terms due
to inhomogeneous recombination to be small. This cancellation counteracts the production
of non-Gaussianity due to enhancement in δ
(1)
e .
4.6 Approximate Solution of Boltzmann Hierarchy
To find the approximate solutions we can use the fact that during recombination τ˙ >> 1/η.
Then, as in the case of the first order Boltzmann equation, we can attempt to find an
approximate solution at different orders in 1/τ˙ . In the limit of τ˙ >> 1/η, which is true
during the entire recombination period except at the very end when the visibility also drops
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sharply, we can ignore the ` ≥ 3 modes. Also in Equation 4.18 we can ignore terms with
` ≥ 2 which do not involve τ˙ . Equation 4.18 with these approximations is
Θ
(2)
2m =
10ik
9τ˙
√
4−m2
15
Θ
(2)
1m +
10
9
Smδ2 (4.20)
Using this in Equation 4.17,
Θ˙
(2)
1m =− ik
√
1
3
Θ
(2)
00 δm0 +
2(4−m2)k2
27τ˙
Θ
(2)
1m −
10ik
9
√
4−m2
15
Smδ2
− τ˙
[
V (2)m −Θ(2)1m + Smδv
]
. (4.21)
To proceed further we need the momentum equation for baryons1. Note that we ignore the
second order metric perturbations and the terms arising from the first order perturbations
that do not contain δ
(1)
e as we did with the Boltzmann equation for photons [65, 68].
∂v(2)
∂η
=−Hv(2) + τ˙
R
[∫
d3k′
(2pi)3
δ(1)e (k
′∗, η)
(
v(1)(k′, η)−V(1)γ (k′, η)
)
+
(
v(2)(k, η)−V(2)γ (k, η)
)]
≈ τ˙
R
[∫
d3k′
(2pi)3
δ(1)e (k
′∗, η)
(
v(1)(k′, η)−V(1)γ (k′, η)
)
+
(
v(2)(k, η)−V(2)γ (k, η)
)]
(4.22)
We have defined ratio of mean baryon to mean photon density R ≡ 3ρ¯b/4ρ¯γ . Ignoring the
expansion term above introduces only a small error on small scales (factors of (1 + R)1/4)
which is not important here (for example see Chap 8, Exercise 5 in [11],[69]). We take the
dot product of above equation with line of sight direction nˆ and take the spherical harmonic
transform of the resulting equation. The result is
∂V
(2)
m
∂η
=
τ˙
R
[
Smδv + V
(2)
m −Θ(2)1m
]
(4.23)
1In [65] δ
(1)
e is assumed to be equal to δ
(1)
b
in writing the momentum equation for baryons, [68] give the
momentum equation for baryons without this assumption.
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We can expand Equation 4.23 perturbatively in R/τ˙ as in the first order case [11, 69]. At
zeroth order in R/τ˙ all the source terms (terms which are products of the first order terms)
vanish. This causes all the intrinsic second order terms to also vanish if we impose Gaussian
initial conditions. Thus all the terms in the hierarchy are of first order or higher in R/τ˙ . At
first order in R/τ˙ we have
V (2)m = Θ
(2)
1m − Smδv (4.24)
Using this in Equation 4.23 we get up to second order in R
τ˙
V (2)m = Θ
(2)
1m − Smδv +
R
τ˙
∂
∂η
(
Θ
(2)
1m − Smδv
)
(4.25)
Continuing like this we can obtain the terms at higher orders in R
τ˙
. Note that in the first
order perturbation theory we need to go to second order in factors of R
τ˙
to get the damping
solution. However here we are interested in the contribution of δe to the second order
anisotropies which are intrinsically of first order in R
τ˙
and it suffices to work at first order
in visible factors of R
τ˙
. This gives us the leading term in the solution of the second order
Boltzmann equation. We comment on the solution beyond this approximation in section
4.11. At leading order in R
τ˙
the equations simplify a lot and the solution is similar to that
of the first order Boltzmann equation [69]. Using Equation 4.25 in Equation 4.21 we get
(dropping a higher order term from Equation 4.21)
Θ˙
(2)
1m =−
ik
1 +R
√
1
3
Θ
(2)
00 δm0 −
10ik
9(1 +R)
√
4−m2
15
Smδ2 +
R
1 +R
∂Smδv
∂η
(4.26)
Θ¨
(2)
00 =−
ik√
3
Θ˙
(2)
10
=− k2c2sΘ(2)00 −
4
√
5
9
k2c2sS
0
δ2 − ikR
√
3c2s
∂S0δv
∂η
(4.27)
The solution to this equation in the limit that the sound speed cs ≡
√
1/3(1 +R) is slowly
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varying is given by
Θ
(2)
00 = C1 sin [krs(η)] + C2 cos [krs(η)]
−
∫ η
0
dη′
[
4
√
5
9
k2c2s(η
′)S0δ2(η
′) + ikR(η′)
√
3c2s(η
′)
∂S0δv
∂η
(η′)
]
sin [k(rs(η)− rs(η′))]
kcs(η′)
, (4.28)
where we have defined the sound horizon rs(η) ≡
∫ η
0
dη′cs(η
′). With the Gaussian initial
conditions, the second order part of temperature anisotropy and its derivative are initially
zero. Thus C1 = C2 = 0. Integrating by parts the Sδv term we get, assuming slowly varying
cs,
Θ
(2)
00 =−
∫ η
0
dη′
[
4
√
5
9
kcs(η
′)S0δ2(η
′)
]
sin [k(rs(η)− rs(η′))]
−
∫ η
0
dη′
[
iR(η′)
√
3kc2s(η
′)S0δv(η
′)
]
cos [k(rs(η)− rs(η′))] (4.29)
Taking derivative with respect to η of above equation we get
Θ
(2)
10 =
i
√
3
k
Θ˙
(2)
00
=−
∫ η
0
dη′
[
4i
√
15
9
kcs(η
′)cs(η)S
0
δ2(η
′)
]
cos [k(rs(η)− rs(η′))]
−
∫ η
0
dη′
[
R(η′)3kc2s(η
′)cs(η)S
0
δv(η
′)
]
sin [k(rs(η)− rs(η′))]
+R(η)3c2s(η)S
0
δv(η) (4.30)
For m = ±1 modes we can directly integrate Equation 4.26.
Θ
(2)
1m=±1(η) = −
∫ η
0
dη′
10ik
9(1 +R(η′))
√
4
15
Smδ2(η
′) +
R
1 +R
Smδv (4.31)
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We can combine Equations 4.30 and 4.31 to get
Θ
(2)
1m =−
∫ η
0
dη′
[
4i
√
15
9
kcs(η
′)cs(η)S
0
δ2(η
′)
]
cos [k(rs(η)− rs(η′))] δm0
−
∫ η
0
dη′
[
R(η′)3kc2s(η
′)cs(η)S
0
δv(η
′)
]
sin [k(rs(η)− rs(η′))] δm0
−
∫ η
0
dη′
10ik
9(1 +R(η′))
√
4
15
Smδ2(η
′)(1− δm0) + R
1 +R
Smδv (4.32)
The quadrupole is given by ignoring the 1/(τ˙) term in Equation 4.20 (at the level of approx-
imation we are working).
Θ
(2)
2m =
10
9
Smδ2 (4.33)
Finally the second order baryon velocity is given by (Equation 4.24)
V (2)m =Θ
(2)
1m − Smδv
=−
∫ η
0
dη′
[
4i
√
15
9
kcs(η
′)cs(η)S
0
δ2(η
′)
]
cos [k(rs(η)− rs(η′))] δm0
−
∫ η
0
dη′
[
R(η′)3kc2s(η
′)cs(η)S
0
δv(η
′)
]
sin [k(rs(η)− rs(η′))] δm0
−
∫ η
0
dη′
10ik
9(1 +R(η′))
√
4
15
Smδ2(η
′)(1− δm0)− 1
1 +R
Smδv (4.34)
An important point to note here is that the photon and baryon velocities are not equal. In
particular the sign of the last term above is different (in addition to a factor of R). These
were assumed to be equal in [67].
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4.7 Contribution to the Bispectrum from the
Product of First Order Terms
First we will compute the contribution to the bispectrum from the terms which are products
of δe and first order terms in Equation 4.9.
Θ(2)(k, nˆ, η0) =
∫ η0
0
dηeikµ(η−η0)g(η)
∫
d3k′
(2pi)3
δe(k− k′, η)
×
[
Θ
(1)
0 (k
′, η)−Θ(1)(k′, nˆ, η) + nˆ.kˆ′v(k′, η)− 1
2
P2(kˆ′.nˆ)Π(1)(k′, η)
]
, (4.35)
where g(η) = −τ˙(η)e−τ(η) is the visibility function and τ(η) ≡ ∫ η0
η
dη′n¯e(η
′)σTa(η
′). Also
v(k′, η) = kˆ′v(k′, η). We now take the spherical harmonic transform of Equation 4.35 to get
the multipole moments, Θ
(2)
`m.
Θ
(2)
`m(k, η0) =
∫
Θ(2)(k, nˆ, η0)Y
∗
`m(nˆ)dnˆ
This integral can be performed after decomposing Θ(1) into multipole moments, Θ(1)(k′, nˆ, η) =∑
`′′(−i)`
′′
(2`′′ + 1)P`′′(nˆ.kˆ′)Θ(1)`′′ (k′, η) and using relations between exponential, spherical
harmonics, spherical Bessel functions and Legendre polynomials [70]. We list some of the
useful relations in Appendix B. Note that Θ
(1)
0 , which is the dominant term in the multipole
expansion of Θ(1), will cancel out. We will see later that the dipole term partially cancels
the effect of v(1), the Vishniac term. So only ` ≥ 2 modes in Θ(1), which are expected to be
small compared to monopole, will contribute to the bispectrum. The result is
Θ
(2)
`m(k, η0) =
∫ η0
0
dηg(η)
∫
d3k′
(2pi)3
δe(k− k′, η)
[
−(4pi)2
∑
`′m′`′′ 6=0m′′
i`
′
(−i)`′′
√
(2`′ + 1)(2`′′ + 1)
4pi(2`+ 1)
C`0`′0`′′0C
`m
`′m′`′′m′′j`′ [k(η − η0)]Y ∗`′m′(kˆ)Y ∗`′′m′′(kˆ′)Θ(1)`′′ (k′, η)
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+
(4pi)2
3
∑
`′m′m′′
i`
′
√
(2`′ + 1)3
4pi(2`+ 1)
C`0`′010C
`m
`′m′1m′′j`′ [k(η − η0)]Y ∗`′m′(kˆ)Y ∗1m′′(kˆ′)
× v(k′, η)− 1
2
(4pi)2
5
∑
`′m′m′′
i`
′
√
(2`′ + 1)5
4pi(2`+ 1)
C`0`′020C
`m
`′m′2m′′j`′ [k(η − η0)]
× Y ∗`′m′(kˆ)Y ∗2m′′(kˆ′)Π(1)(k′, η)
]
(4.36)
≡
∫ η0
0
dηg(η)
∫
d3k′
(2pi)3
δe(k− k′, η)S`m(k, kˆ′,k′, η),
where C`m`′m′`′′m′′ are Clebsch-Gordan coefficients, j` are spherical Bessel functions. The sums
are over all allowed values of `m with the exceptions explicitly specified. The last line defines
the function S`m. Its arguments are written so that we can keep track of the part, k′, that
statistical variables like temperature anisotropy depend on from the part that deterministic
functions depend on, kˆ′, separately.
We can now use Equation 4.36 to calculate the bispectrum. This is defined as:
B`1`2`3m1m2m3 = 〈a(1)`1m1(x, η0)a
(1)
`2m2
(x, η0)a
(2)
`3m3
(x, η0)〉+ 2 permutations, (4.37)
where a`m(x, η0) are the coefficients in the spherical harmonic expansion of the corresponding
temperature anisotropy. 〈〉 denotes the ensemble average. At second order they are just the
Fourier transform of Θ
(2)
`m(k, η0) while at first order they can be computed from Θ
(1)
` (k, η0).
a
(2)
`m(x, η0) =
∫
d3k
(2pi)3
eik.xΘ
(2)
`m(k, η0)
a
(1)
`m(x, η0) =4pi
∫
d3k
(2pi)3
eik.x(−i)`Θ(1)` (k, η0)Y ∗`m(kˆ)
We can now calculate the first term of the bispectrum in Equation 4.37.
〈1, 1, 2〉 ≡〈a(1)`1m1(x, η0)a
(1)
`2m2
(x, η0)a
(2)
`3m3
(x, η0)〉
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=(4pi)2
∫
d3k1
(2pi)3
d3k2
(2pi)3
d3k3
(2pi)3
ei(k1+k2+k3).x(−i)`1+`2Y ∗`1m1(kˆ1)Y ∗`2m2(kˆ2)∫ η0
0
dηg(η)
∫
d3k′
(2pi)3
〈δe(k3 − k′, η)S`3m3(k3, kˆ′,k′, η)Θ(1)`1 (k1, η0)
Θ
(1)
`2
(k2, η0)〉 (4.38)
We can write each term in the ensemble average as a transfer function times initial gravita-
tional potential perturbation. Thus,
δe(k3 − k′, η) =Φi(k3 − k′)δe(|k3 − k′|, η)
Θ
(1)
`1
(k1, η0) =Φi(k1)Θ
(1)
`1
(k1, η0)
S`3m3(k3, kˆ′,k
′, η) =Φi(k
′)S`3m3(k3, kˆ′, k
′, η)
〈Φi(k1)Φi(k2)〉 =(2pi)3δ3(k1 + k2)P (k1)
We are using same symbols for statistical variables and their deterministic transfer function
counterparts, with arguments determining which one we mean. δ3 is the three dimensional
Dirac delta distribution and P (k) = 2pi2/k3 is the initial power spectrum. Since we assume
the initial perturbation to be Gaussian, the 4-point ensemble average can be decomposed
into 2-point ensemble averages.
〈Φi(k3 − k′)Φi(k′)Φi(k1)Φi(k2)〉 =〈Φi(k3 − k′)Φi(k′))〉〈Φi(k1)Φi(k2)〉
+〈Φi(k3 − k′)Φi(k1))〉〈Φi(k′)Φi(k2)〉
+〈Φi(k3 − k′)Φi(k2))〉〈Φi(k′)Φi(k1)〉
=(2pi)6δ3(k3)P (k
′)δ3(k1 + k2)P (k1)
+(2pi)6δ3(k3 + k1 − k′)P (k1)δ3(k2 + k′)P (k2)
+(2pi)6δ3(k3 + k2 − k′)P (k2)δ3(k1 + k′)P (k1) (4.39)
First term in Equation 4.39 contributes only for k3 = 0, it is a product of monopole and
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power spectrum and is unobservable. The other two terms are identical with k1,k2 terms
interchanged. So we need consider only one of these. Denoting the two terms by superscript
(1, 2) and (2, 1) we can write the first term of the bispectrum as:
〈1, 1, 2〉 =〈1, 1, 2〉(1,2) + 〈1, 1, 2〉(2,1),
〈1, 1, 2〉(1,2) =(4pi)2
∫
d3k1
(2pi)3
d3k2
(2pi)3
d3k3
(2pi)3
ei(k1+k2+k3).x(−i)`1+`2Y ∗`1m1(kˆ1)
Y ∗`2m2(kˆ2)
∫ η0
0
dηg(η)
∫
d3k′
(2pi)3
δe(k1, η)S
`3m3(k3, kˆ′, k2, η)
Θ
(1)
`1
(k1, η0)Θ
(1)
`2
(k2, η0)(2pi)
6δ3(k3 + k1 − k′)P (k1)δ3(k2 + k′)P (k2)
=(4pi)2(2pi)3
∫ η0
0
dηg(η)
∫
d3k1
(2pi)3
d3k2
(2pi)3
d3k3
(2pi)3
(−i)`1+`2Y ∗l1m1(kˆ1)
Y ∗`2m2(kˆ2)P (k1)P (k2)δe(k1, η)S
`3m3(k3, −ˆk2, k2, η)Θ(1)`1 (k1, η0)
Θ
(1)
`2
(k2, η0)δ
3(k1 + k2 + k3) (4.40)
In the last step we have used one of the Dirac delta distributions to integrate over k′. To
proceed further we use the representation of Dirac delta distribution as Fourier transform of
unity and the expansion of exponential function in spherical harmonics.
δ3(k1 + k2 + k3) =
∫
d3r
(2pi)3
ei(k1+k2+k3).r
ei(k.r) =4pi
∑
`,m
i`j`(kr)Y
∗
`m(kˆ)Y`m(rˆ) (4.41)
Using Equations 4.41 in 4.40 we can perform all angular integrals and all radial integrals
except two which involve transfer functions of perturbations and the line of sight integral.
The integrals involving spherical harmonics result in Wigner 3jm symbols which can then
be summed using, for example, formulas tabulated in [70] and Appendix B. The result after
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performing these integrals is:
〈1, 1, 2〉(1,2) =
√
(2`1 + 1)(2`2 + 1)(2`3 + 1)
4pi

 `1 `2 `3
0 0 0



 `1 `2 `3
m1 m2 m3


∫ η0
0
dηg(η)B`1δΘ(η)B
`2
ΘΘ(η) (4.42)
B`1δΘ(η) =
2
pi
∫
k21dk1P (k1)Θ
(1)
`1
(k1, η0)δe(k1, η)j`1 [k1(η0 − η)]
B`2ΘΘ(η) =
2
pi
∫
k22dk2P (k2)Θ
(1)
`2
(k2, η0)
[
−
∑
`′′≥1,`′2
i`
′′+`2+`′2(−1)`2(2`′′ + 1)
(2`′2 + 1)

 `′2 `2 `′′
0 0 0


2
Θ
(1)
`′′ (k2, η)j`′2 [k2(η0 − η)] + iv(k2, η)
j′`2 [k2(η0 − η)] +
1
4
Π(1)(k2, η)
{
3j′′`2 [k2(η0 − η)] + j`2 [k2(η0 − η)]
}]
=
2
pi
∫
k22dk2P (k2)Θ
(1)
`2
(k2, η0)
[
−
∑
`′′≥2,`′2
i`
′′+`2+`′2(−1)`2(2`′′ + 1)
(2`′2 + 1)

 `′2 `2 `′′
0 0 0


2
Θ
(1)
`′′ (k2, η)j`′2 [k2(η0 − η)]
+ [θb(k2, η)− θγ(k2, η)]
j′`2 [k2(η0 − η)]
k2
+
1
4
Π(1)(k2, η)
{
3j′′`2 [k2(η0 − η)] + j`2 [k2(η0 − η)]
}]
(4.43)
In the last step we have defined iv = θb/k and θγ = 3kΘ1 and evaluated the sum over `
′
2
explicitly for Θ1. It can be seen from this expression that the effect of Vishniac term θb is
partly cancelled out by θγ . In this form the gauge invariance of B
`2
ΘΘ is also apparent. In
arriving at these expressions we have also used the identity j`(−x) = (−1)`j`(x). The prime
on the Bessel functions denotes the derivative with respect to the argument.
We can now write down the final expression for the angular averaged bispectrum defined
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by:
B`1`2`3 =
∑
m1m2m3

 `1 `2 `3
m1 m2 m3

B`1`2`3m1m2m3
=
√
(2`1 + 1)(2`2 + 1)(2`3 + 1)
4pi

 `1 `2 `3
0 0 0

∫ η0
0
dηg(η)
[
B`1δΘ(η)
B`2ΘΘ(η) + B
`2
δΘ(η)B
`1
ΘΘ(η) + B
`2
δΘ(η)B
`3
ΘΘ(η) + B
`3
δΘ(η)B
`2
ΘΘ(η) + B
`1
δΘ(η)
B`3ΘΘ(η) + B
`3
δΘ(η)B
`1
ΘΘ(η)
]
(4.44)
4.8 Primordial Non-Gaussianity of Local Type
We will compare our results with the bispectrum from primordial non-Gaussianity of local
type. This is given by [71, 72]:
B`1`2`3prim =2
√
(2`1 + 1)(2`2 + 1)(2`3 + 1)
4pi

 `1 `2 `3
0 0 0

∫ η0
0
dη(η0 − η)2
[β`1(η)β`2(η)α`3(η) + β`2(η)β`3(η)α`1(η) + β`3(η)β`1(η)α`2(η)] ,
β`(η) =
2
pi
∫
k2dkP (k)Θ`(k, η0)j`[k(η0 − η)],
α`(η) =
2
pi
∫
k2dkfNLΘ`(k, η0)j`[k(η0 − η)], (4.45)
where fNL is the non-Gaussianity parameter defined by the following form for the primordial
potential, Φi(x) = ΦL(x) + fNL (Φ
2
L(x)− 〈Φ2L(x)〉) with ΦL(x) Gaussian. Note that the
expression for β` is similar to B
`
δΘ and B
`
ΘΘ, the difference being the additional modulation
by the terms at recombination in the later case. As we will see later, α` is similar in shape
to the visibility function g(η) but peaks at an earlier time. All plots and results are for
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fNL = 1.
4.9 Numerical Results for Product of First Order
Terms
We calculate δe in conformal Newtonian gauge using DRECFAST [62]. All other first order
terms are calculated using CMBFAST [23]. In particular Θ`′′(k, η) is given by the line of
sight integral:
Θ`′′(k, η) = e
τ(η)
∫ η
0
dη′S(1)(k, η′)j`′′ [k(η − η′)] (4.46)
Here S(1)(k, η′) is the usual first order source term. Since we are evaluating the transfer
function at η < η0, we get an extra factor of e
τ(η), otherwise this is same as the standard
line of sight formula [23]. Θ`′′ becomes smaller with increasing `
′′ and we cut off the sum
in Equation 4.43 at `′′ = 30. This is accurate for η < 1000Mpc which is sufficient for the
present calculation since the visibility g(η) is non-negligible only for 240Mpc . η . 800Mpc
(Figure 4.3). Wigner 3jm symbols are calculated using the code by Gordon and Schulten
[73] which is publicly available at SLATEC common mathematical library [74]. Figure
4.2 shows a comparison of β`(η) and B
`
δΘ(η). The modulation by δe results in shifting the
peak to later times. Also visibility g(η) can be compared to primordial term α`. They are
similar in magnitude but have a different shape (Figure 4.3). B`ΘΘ is however much smaller
in magnitude than the other terms, BδΘ and β`, as can be seen from Figures 4.4 and 4.5 at
low ` but become comparable at high `. This results in a much smaller bispectrum from
recombination at low ` compared to the primordial one. Figures 4.6, 4.7 and 4.8 show the
absolute value of the bispectrum from the primordial non-Gaussianity with fNL = 1 and
that due to inhomogeneous recombination for `3 = 10, 200, 1000 as a function of `1, `2. Z-axis
is on linear scale while the color/grayscale map is on log scale. They are almost identical
at the peaks but differ considerably away from the peaks which occur when either `1 or `2
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Figure 4.2: β`(η) and B
`
δΘ(η) is shown as a function of η for several values of `.
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Figure 4.3: (η0 − η)2α`(η) for several values of ` and the visibility function g(η) as a
function of conformal time η. (η0 − η)2α`(η) peaks earlier than g(η).
is equal to `3 and the other is small, a signature of the local nature of the non-Gaussianity.
At low ` the amplitude B`1`2`3 is much smaller than B`1`2`3prim but they become comparable at
high `. Their signs are however different and this will become apparent when we estimate
the confusion in fNL due to B
`1`2`3 .
To estimate the confusion to the estimate of fNL we follow [75] and define the statistic
Srec =
∑
`1≤`2≤`3
B`1`2`3B`1`2`3prim
C`1C`2C`3
'fNL
∑
`1≤`2≤`3
(B`1`2`3prim )
2
C`1C`2C`3
(4.47)
The result of solving Equation 4.47 for fNL is shown in Figure 4.9 as a function of `max,
where `max is the maximum value of ` included in the sum in Equation 4.47. As expected
from the examination of bispectra, fNL is small and positive at low `max but ∼ −1 at high
`max.
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Figure 4.4: B`ΘΘ(η) is shown for several values of `. Also shown are contributions from the
polarization term Π, slip term θb − θg and from all the other terms
∑
`≥2Θ
(1)
` .
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Figure 4.5: 0.1× `(`+ 1)β`(η∗),0.01× `(`+ 1)B`δΘ(η∗), `(`+ 1)B`ΘΘ(η∗) and contributions
to it from polarization, slip and rest of the terms is shown as a function of multipole
moments `. Some of the functions have been scaled as specified above.
4.10 Contribution from Θ
(2)
00 and V
(2)
m
We can write the formal solution for Θ(2)(k, nˆ, η0),
Θ(2)(k, nˆ, η0) =
∫ η0
0
dηeik(η−η0)kˆ.nˆe−τS(2)(k, nˆ, η). (4.48)
We will first include only the first term in Equation 4.29 in the source S(2)(k, nˆ, η). The
calculation for other terms is similar.
By a calculation similar to the one leading to Equation 4.43 we get for the bispectrum
from the first term in Equation 4.29
B`1`2`3m1m2m3 =− (4pi)2(2pi)3
∫ η0
0
dηg(η)
∫
d3k1
(2pi)3
d3k2
(2pi)3
d3k3
(2pi)3
(−i)`1+`2+`3Y ∗l1m1(kˆ1)
Y ∗`2m2(kˆ2)P (k1)P (k2)(4pi)
3/2
∫ η
0
dη′
4
√
5
9
k3cs(η
′) sin [k3(rs(η)− rs(η′))]
j`3 [k3(η − η0)]Y ∗`3m3(kˆ3)Y ∗20(−kˆ2)Θ(1)`1 (k1, η0)Θ
(1)
`2
(k2, η0)δe(k1, η
′)
Θ
(1)
2 (k2, η
′)δ3(k1 + k2 + k3) + 5 permutations. (4.49)
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Figure 4.6: Absolute value of B`1`2`3prim labeled “Primordial” and B
`1`2`3 labeled
“Recombination” for `3 = 10. Z axis is on linear scale while color/grayscale plot shows the
same on log scale.
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Figure 4.7: Absolute value of B`1`2`3prim labeled “Primordial” and B
`1`2`3 labeled
“Recombination” for `3 = 200. Z axis is on linear scale while color/grayscale plot shows
the same on log scale.
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Figure 4.8: Absolute value of B`1`2`3prim labeled “Primordial” and B
`1`2`3 labeled
“Recombination” for `3 = 1000. Z axis is on linear scale while color/grayscale plot shows
the same on log scale.
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Figure 4.9: Comparison of primordial bispectrum from local type non-Gaussianity with
bispectrum due to inhomogeneous recombination in terms of parameter fNL as a function
of `max, the maximum ` mode considered.
We have ignored Π(1) in S
(0)
δ2 to simplify equations, including it at the end of the calculation
is trivial. We now use the Dirac delta distribution to integrate over k3.
B`1`2`3m1m2m3 =− (4pi)2
∫ η0
0
dηg(η)
∫
d3k1
(2pi)3
d3k2
(2pi)3
(−i)`1+`2i`3P (k1)P (k2)
Θ
(1)
`1
(k1, η0)Θ
(1)
`2
(k2, η0)(4pi)
3/2
∫ η
0
dη′
4
√
5
9
|k1 + k2|cs(η′)
sin [|k1 + k2|(rs(η)− rs(η′))] j`3 [|k1 + k2|(η − η0)]Y ∗l1m1(kˆ1)
Y ∗`2m2(kˆ2)Y
∗
`3m3
(−(k̂1 + k2))Y ∗20(−kˆ2)δe(k1, η′)Θ(1)2 (k2, η′)
+ 5 permutations (4.50)
To proceed further we will need the following addition theorem for spherical waves [70]
zL(|k1 + k2|r)YLM(k̂1 + k2) =
√
4pi(2L+ 1)
∑
`1`2m1m2
i`1+`2−L(−1)M
√
(2`1 + 1)(2`2 + 1)
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× j`1(k1r)z`2(k2r)

 `1 `2 L
0 0 0



 `1 `2 L
m1 m2 −M


× Y`1m1(kˆ1)Y`2m2(kˆ2), (4.51)
where z` is any of the spherical Bessel function and the sum is over all allowed values of
`1, `2,m1,m2. The above equation is valid for arbitrary values of k1 and k2 if z` = j`, the
spherical Bessel function of first kind. If z` = y`, the spherical Bessel function of second
kind, then Equation 4.51 is valid for k1 < k2 (and for k2 < k1 after interchanging k1 and k2).
We now use 4.51 for the product j`3Y
∗
`3m3
. We also write
sin [|k1 + k2|(rs(η)− rs(η′))] = [|k1 + k2|(rs(η)− rs(η′))]
j0 [|k1 + k2|(rs(η)− rs(η′))] (4.52)
and use Equation 4.51 again. We also use
|k1 + k2|2 = k21 + k22 +
8pi
3
k1k2
∑
m′
Y ∗1m′(kˆ1)Y1m′(kˆ2) (4.53)
The angular integrals over kˆ1 and kˆ2 can now be done. Right hand side of Equation 4.53
consists of two terms: k21+k
2
2 has no angular dependence while the rest of the right hand side
depends on the angles kˆ1 and kˆ2. For simplicity we will show the calculation for only k
2
1+k
2
2
part. The calculation for the other part is similar but since we have extra factors of spherical
harmonics we will get extra Wigner 3jm symbols on integration over angles summing over
which will require few extra steps.
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The result for k21 + k
2
2 part is
− (4pi)
3
(2pi)6
∫ η0
0
dηg(η)
∫
dk1k
2
1
∫
dk2k
2
2(−i)`1+`2P (k1)P (k2)Θ(1)`1 (k1, η0)
Θ
(1)
`2
(k2, η0)
∫ η
0
dη′
4
√
5
9
(
k21 + k
2
2
)
(rs(η)− rs(η′)) cs(η′)δe(k1, η′)Θ(1)2 (k2, η′)√
(2`1 + 1)(2`2 + 1)(2`3 + 1)
4pi
∑
`′′`′1`
′
2Lm
′′m′1m
′
2M
(−1)`′′+`3+m1i`′1+`′2(2`′1 + 1)
(2`′2 + 1)(2`
′′ + 1)(2L+ 1)j`′1 [(η − η0)k1] j`′2 [(η − η0)k2] j`′′ [(rs(η)− rs(η′))k1]
j`′′ [(rs(η)− rs(η′))k2]

 `′1 `′2 `3
0 0 0



 `′′ `′1 `1
0 0 0



 2 `′2 L
0 0 0



 `2 `′′ L
0 0 0



 `′1 `′2 `3
m′1 m
′
2 m3



 `′′ `′1 `1
m′′ m′1 −m1



 2 `′2 L
0 m′2 −M



 `2 `′′ L
m2 m
′′ −M

 (4.54)
Summing over the m′s we get [70]
∑
m′′m′1m
′
2M
(−1)`′′+`3+m1

 `′1 `′2 `3
m′1 m
′
2 m3



 `′′ `′1 `1
m′′ m′1 −m1



 2 `′2 L
0 m′2 −M



 `2 `′′ L
m2 m
′′ −M


=
∑
L′M ′
(−1)L+`′′+`′2+`3+`1+L′−m1−m2−m3−M ′(2L′ + 1)

 `3 L′ `1
m3 −M ′ m1



 2 L′ `2
0 M ′ m2




`3 L
′ `1
`′′ `′1 `
′
2




2 L′ `2
`′′ L `′2

 , (4.55)
where the matrices in the last line are the 6j symbols. All the m dependence of the bispec-
trum is in the above expression. Therefore to calculate the angular averaged bispectrum we
need only consider the above expression for averaging over m1,m2,m3. The result of doing
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this averaging is
∑
L′M ′m1m2m3
(−1)L+`′′+`′2+`3+`1+L′−m1−m2−m3−M ′(2L′ + 1)

 `1 `2 `3
m1 m2 m3



 `3 L′ `1
m3 −M ′ m1



 2 L′ `2
0 M ′ m2




`3 L
′ `1
`′′ `′1 `
′
2




2 L′ `2
`′′ L `′2


=
∑
L′m3
(−1)L+`′′+`′2+`1+`2+L′−m3(2L′ + 1)

 `3 `3 2
−m3 m3 0




`3 `3 2
L′ `2 `1




`3 L
′ `1
`′′ `′1 `
′
2




2 L′ `2
`′′ L `′2


=
∑
L′
(−1)L+`′′+`′2+`1+`2+`3+L′(2L′ + 1)
√
(2`3 + 1)δ20δ00

`3 `3 2
L′ `2 `1




`3 L
′ `1
`′′ `′1 `
′
2




2 L′ `2
`′′ L `′2


=0 (4.56)
The calculation for the other term in 4.53 is similar and it also results in the Kronecker delta
symbol δ20 = 0.
The second term in Equation 4.29 involves cosine which can be written in terms of the
spherical Bessel function of the second kind, y0. We therefore need to break the integral over
(k1, k2) in two parts , k1 > k2 and k1 < k2 in order to apply the addition theorem. Both
the terms give a zero contribution to the angular averaged bispectrum (with δ10 in the final
result due to Y10 in this term), which is easily shown by a calculation similar to above. The
boundary k1 = k2 also give zero contribution to the (k1, k2) integral because the integrand
is finite.
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Thus we have shown that the contribution from Θ
(2)
00 to the angular averaged bispectrum
vanishes. A similar calculation for the V
(2)
m shows that the contribution from the terms in-
volving Sδ2 in Equation 4.34 also gives zero contribution to the angular averaged bispectrum.
In general Θ
(2)
LM ∼ δeΘ(1)` Y`m gives non-zero contribution to the angular averaged bispectrum
if and only if L = ` and M = m because of the orthogonality of spherical harmonics of
different orders.
4.11 Integral Equation for Second Order Monopole
An alternative to solving the Boltzmann hierarchy for the second order monopole is to solve
an integral equation [76, 77]. The line of sight solution for second order Boltzmann equation
is
Θ(2)(η,k, nˆ) =eτ(η)
∫ η
0
dη′eikˆ.nˆk(η
′−η)g(η′)
[∫
d3k′
(2pi)3
δ(1)e (k
′)4pi
∑
`′′m′′
(−i)`′′
f`′′(k− k′, η′)Y`′′m′′(nˆ)Y ∗`′′m′′(k̂− k′) +
1√
4pi
Θ
(2)
00 (k, η
′)
+
1
10
∑
m′′
Θ
(2)
2m′′(k, η
′)Y2m′′(nˆ) +
∑
m′′
v
(2)
m′′(k, η
′)Y1m′′(nˆ)
]
, (4.57)
where f` represents a general first order term multiplying δe. We can integrate over direction
nˆ to get an integral equation for the monopole
Θ
(2)
00 (η,k) =e
τ(η)
∫ η
0
dη′g(η′)
[
(4pi)3/2
∫
d3k′
(2pi)3
δ(1)e (k
′)
∑
`′′m′′
j`′′ [k(η
′ − η)]
f`′′(k− k′, η′)Y`′′m′′(kˆ)Y ∗`′′m′′(k̂− k′) + j0 [k(η′ − η)] Θ(2)00 (k, η′)
−
√
4pi
10
j2 [k(η
′ − η)]
∑
m′′
Θ
(2)
2m′′(k, η
′)Y2m′′(kˆ) + i
√
4pij1 [k(η
′ − η)]
∑
m′′
v
(2)
m′′(k, η
′)Y1m′′(kˆ)
]
, (4.58)
70
We can now write down the contribution of Θ
(2)
00 to the bispectrum
Bm1m2m3`1`2`3 =
∫ η0
0
dηg(η)Sm1m2m3`1`2`3 (η) + 2 permutations,
Sm1m2m3`1`2`3 (η) ≡(4pi)3
∫
d3k1
(2pi)3
d3k2
(2pi)3
d3k3
(2pi)3
(−i)`1+`2i`3Y ∗`1m1(kˆ1)Y ∗`2m2(kˆ2)
Y ∗`3m3(kˆ3)j`3 [k3(η − η0)] 〈
Θ00(k3, η)√
4pi
Θ`1(k1, η0)Θ`2(k2, η0)〉
=(4pi)3
∫
d3k1
(2pi)3
d3k2
(2pi)3
d3k3
(2pi)3
(−i)`1+`2i`3Y ∗`1m1(kˆ1)Y ∗`2m2(kˆ2)
Y ∗`3m3(kˆ3)j`3 [k3(η − η0)] eτ(η)
∫ η
0
dη′g(η′)
[
4pi
∫
d3k′
(2pi)3∑
`′′m′′
j`′′ [k3(η
′ − η)]Y`′′m′′(kˆ3)Y ∗`′′m′′(k̂3 − k′)]〈δ(1)e (k′)
f`′′(k3 − k′, η′)Θ`1(k1, η0)Θ`2(k2, η0)〉 +
1√
4pi
j0 [k3(η
′ − η)]
〈Θ(2)00 (k3, η′)Θ`1(k1, η0)Θ`2(k2, η0)〉+ ij1 [k3(η′ − η)]∑
m′′
Y1m′′(kˆ3)〈v(2)m′′(k3, η′)Θ`1(k1, η0)Θ`2(k2, η0)〉
− 1
10
j2 [k3(η
′ − η)]
∑
m′′
Y2m′′(kˆ3)〈Θ(2)2m′′(k3, η′)Θ`1(k1, η0)
Θ`2(k2, η0)〉
]
(4.59)
Here we have used the integral equation for Θ
(2)
00 (Equation 4.58) to get an equation for
Sm1m2m3`1`2`3 . The last term involving Θ
(2)
2m′′ gives a small contribution (∼ 10%) because of the
factor of 1/10 and can be neglected. For v
(2)
m we can use the approximate tight coupling
solution, the last term in Equation 4.34, in which case it can be absorbed into f`′′ for `
′′ = 1.
We can similarly absorb the last term also if we choose not to neglect it. If we did not have a
factor of j0 multiplying the second order monopole term in last but third line, we would have
an integral equation for Sm1m2m3`1`2`3 . We can however make progress by using the approximate
solution for the second order monopole Equation 4.29. Then a calculation similar to section
4.10 shows that the contribution of this term to the reduced bispectrum is exactly zero, so
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this term can be dropped. For the other terms we proceed as in section 4.7 and section 4.10.
We break the four point correlation function of first order terms into two point correlation
functions using Wick’s theorem. We can then perform all the angular integrals and two of
the radial integrals using the properties of Dirac delta distribution, spherical harmonics and
Wigner 3jm and 6j symbols. The result is
Sm1m2m3`1`2`3 (η) =

 `1 `2 `3
m1 m2 m3


√
(2`1 + 1)(2`2 + 1)(2`3 + 1)
4pi
(4pi)4
(2pi)6
∫
dk1k
2
1
∫
dk2k
2
2e
τ(η)
∫ η
0
dη′g(η′)
∑
`′′`′1`
′
2`
′′
1 `
′′
2
f`′′(k1, η
′)δe(k2, η
′)
Θ`1(k1, η0)Θ`2(k2, η0)P (k1)P (k2)(−i)`1+`2+`
′′+`′′2 i`
′
1+`
′
2+`
′′
1
(2`′1 + 1)(2`
′
2 + 1)(2`
′′
1 + 1)(2`
′′
2 + 1)(2`
′′ + 1)

 `′1 `′2 `3
0 0 0



 `2 `′2 `′′2
0 0 0



 `′1 `1 `′′2
0 0 0



 `′′1 `′′2 `′′
0 0 0


2
j`′1 [k1(η − η0)] j`′2 [k2(η − η0)] j`′′1 [k1(η′ − η)] j`′′2 [k2(η′ − η)]
+ permutation (4.60)
Note that this solution is approximate but does not assume tight coupling, despite the fact
that we used the tight coupling solutions Equations 4.29, 4.33 and 4.34 as a trial solution.
Equation 4.60 is the result of iterating the integral equation once and therefore contains
corrections beyond the tight coupling approximation. In particular this solution takes into
account all the terms in the full Boltzmann hierarchy, Equations 4.17-4.19. The dominant
contribution would come from around the last scattering surface, that is when η′ − η ∼ 0.
In that case the corresponding spherical Bessel functions would be close to zero unless the
order of the spherical Bessel function is zero. Thus we would expect that most contribution
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comes from terms with `′′1 = `
′′
2 = 0. The last Wigner 3jm symbol then forces `
′′ = 0. But
f`′′=0 = 0 since the first order monopole cancels out making S
m1m2m3
`1`2`3
vanish. This is the
result that we found for the approximate solution of the second order Boltzmann equations
also. For `′′1, `
′′
2 6= 0 we also note that the arguments of the first two spherical Bessel functions
differ from the arguments of the last two spherical Bessel functions by a factor of ∼ 100.
But for the squeezed triangles we would expect either `1 or `2 to be small making `
′
1 ∼ `′′2
or `′2 ∼ `′′2 due to triangle conditions in Wigner 3jm symbols. Thus we have a product of
the spherical Bessel functions of similar orders but with arguments differing by a factor of
hundred. This product will be negligibly small, since if one of the spherical Bessel function
is near the peak the other would be negligibly small or oscillating very fast giving a small
residual after integration. Thus the contribution from the second order monopole can be
safely neglected for the case of inhomogeneous recombination. This argument also applies
to all other terms in the second order Boltzmann equation which are a product of monopole
type term and higher order multipoles.
4.12 Numerical results for Θ
(2)
00 , V
(2)
m and Θ
(2)
2m
We want to calculate the angular averaged bispectrum due to Θ
(2)
00 , V
(2)
m and Θ
(2)
2m. The
contribution from Θ
(2)
00 as well as the Sδ2 terms in V
(2)
m to the angular averaged bispectrum is
exactly zero for the approximate solution of section 4.6 as shown in section 4.10. The reason
that the contribution from Θ
(2)
00 vanishes is the absence of the first order monopole from the
second order Boltzmann equations. The contribution to Θ
(2)
00 from the first order dipole and
quadrupole averages to zero. Same is true for the contribution from first order quadrupole
terms in V
(2)
m .
Thus the only terms which give non-zero contribution to the angular averaged bispectrum
are Θ
(2)
2m and Sδv terms in V
(2)
m . Θ
(2)
2m and the last term in Equation 4.34 are same as the
terms already calculated in section 4.7 with additional multiplying factors. The integral term
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Figure 4.10: sin [k(rs(η)− rs(η′))] for k = 0.25 as a function of η′ for different values of η.
All curves end at η′ = η
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Figure 4.11: 3Θ
(1)
1 − iv(1) as a function of η for wavenumber k = 0.2, 0.3, 0.4Mpc−1. Note
that it becomes almost monotonically increasing at large η when photon free streaming
becomes important.
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Figure 4.12: Θ
(1)
0 , |3Θ(1)1 − iv(1)| and |Θ(1)2 | as a function of η for wavenumber
k = 0.001Mpc−1. Also shown is the visibility function g(η) ≡ −τ˙ e−τ .
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Figure 4.13: Θ
(1)
0 , |3Θ(1)1 − iv(1)| and |Θ(1)2 | as a function of η for wavenumber
k = 0.01Mpc−1. The key is the same as in Figure 4.12.
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Figure 4.14: Θ
(1)
0 , 3Θ
(1)
1 − iv(1) and Θ(1)2 as a function of η for wavenumber k = 0.1Mpc−1.
Note that at small scales 3Θ
(1)
1 − iv(1) becomes comparable to Θ(1)0 , but its contribution to
the bispectrum is suppressed because it is weighted by the derivative of spherical Bessel
function. See also Equation 4.43 and Figure 4.4.
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Figure 4.15: Θ
(1)
0 , 3Θ
(1)
1 − iv(1) and Θ(1)2 as a function of η for wavenumber k = 0.2Mpc−1.
Note that at small scales 3Θ
(1)
1 − iv(1) becomes comparable to Θ(1)0 , but its contribution to
the bispectrum is suppressed because it is weighted by the derivative of spherical Bessel
function. See also Equation 4.43 and Figure 4.4.
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involving Sδv in Equation 4.34 can be calculated exactly following the calculation in section
4.10. However there is an easier way to estimate the magnitude of this term. Figure 4.10
shows the function sin [k(rs(η)− rs(η′))] at k = 0.25 for different values of η as a function
of η′. In general there will be cancellation due to oscillations in the sin [k(rs(η)− rs(η′))] as
well as Sδv (Figure 4.11 and [62, 68]). We can get an upper bound for the region after the
peak of the visibility function when the magnitude of 3Θ
(1)
1 −iv(1) is monotonically increasing
by assuming that the last half cycle of the sine contributes without any cancellation and
Sδv(η
′) ∼ Sδv(η). Thus we arrive at the following approximation (with slowly varying sound
speed assumption)
−
∫ η
0
dη′
[
R(η′)3kc2s(η
′)cs(η)S
0
δv(η
′)
]
sin [k(rs(η)− rs(η′))] δm0
.− [R(η)3c2s(η)S0δv(η)]
∫ krs(η)
krs(η)−pi
d [krs(η
′)] sin [k(rs(η)− rs(η′))] δm0
=− 2R(η)
1 +R(η)
S0δv(η)δm0, (4.61)
where the . sign is understood to be with respect to the magnitude of the terms. For most
values of η and k, where we do not have a monotonic 3Θ
(1)
1 − iv(1), there will be additional
cancellations due to the oscillations in 3Θ
(1)
1 − iv(1). Thus the above term will be smaller
than or at most of similar magnitude as the last term in Equation 4.34. As we will see later
the last term in Equation 4.34 gives only ∼ 5% contribution to signal to noise and is thus
not important.
Before presenting the numerical results we note that Sδv remains small until the very end
of recombination. By the time Sδv finally becomes somewhat larger the visibility function
becomes small suppressing the contribution to the CMB anisotropies. Figures 4.12,4.13,
4.14 and 4.15 show comparison between Θ
(1)
0 , 3Θ
(1)
1 − iv(1) and Θ(1)2 for wavenumbers k =
0.001Mpc−1, 0.01Mpc−1, 0.1Mpc−1 and 0.2Mpc−1. In interpreting these figures it should be
kept in mind that 3Θ
(1)
1 − iv(1) is weighted by the derivative of the spherical Bessel function
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(Equation 4.43) in the expression for bispectrum which is smaller than the spherical Bessel
function by about an order of magnitude near the peak. Thus even though in Figure 4.14 and
4.15 3Θ
(1)
1 − iv(1) seems comparable in magnitude to Θ(1)0 its contribution to the bispectrum
is much smaller.
We will collectively refer to the source terms calculated in section 4.7 as δeS
`m, i.e. all the
terms on the right hand side of Equation 4.9 except Θ
(2)
00 , V
(2) and Θ
(2)
2m. Figure 4.16 shows
the confusion with primordial bispectrum of local type as parameterized by fNL defined in
Equation 4.47 as a function of maximum ` mode measured by an ideal experiment due to
Θ
(2)
2m = 10/9S
m
δ2 and V
(2)
m = −1/(1 + R)Smδv. For `max = 2500 we get fNL ∼ −0.02, a few
percent of the value found in section 4.9 for δeS
`m. An important point to note is that the
sign of the bispectrum at small scales is same as the net contribution from δeS
`m. Thus the
new terms calculated here will add to the bispectrum from δeS
`m and should increase S/N
by a small amount.
In Figure 4.17 we show the signal to noise ratio for the detection of the bispectrum
generated by inhomogeneous recombination for a cosmic variance limited experiment as a
function of the maximum multipole moment observed `max [71]
S
N
≡ 1√
F−1rec
,
Frec =
∑
`1≤`2≤`3≤`max
(B`1`2`3rec )
2
∆`1`2`3C`1C`2C`3
,
∆`1`2`3 ≡1 + δ`1`2 + δ`2`3 + δ`3`1 + 2δ`1`2δ`2`3 , (4.62)
where B`1`2`3rec is the angular averaged bispectrum generated by inhomogeneous recombination
, C` is the CMB angular power spectrum and δ`1`2 is the Kronecker delta function. We get
S/N ∼ 1 at `max = 2500. Contributions from δeS`m and Θ(2)2m and V (2)m calculated in this
paper are shown separately. δeS
`m give S/N ∼ 1 compared with S/N ∼ 0.05 contributed
by the second order baryon velocity and second order quadrupole. A future high resolution
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Figure 4.16: Confusion with primordial non-Gaussianity parameterized by fNL.
Contribution of Θ
(2)
2m = 10/9S
m
δ2 and V
(2)
m = −1/(1 +R)Smδv is only a few per cent of the
contribution from δeS
`m, the source terms which are explicit products of first order terms,
Equation 4.36. δeS
`m gives a cumulative contribution of fNL ∼ −1 at `max = 2500. The
calculations were done including Fourier modes up to k = 0.5Mpc−1. Contributions from
k & 0.4Mpc−1 are negligible.
cosmic variance limited experiment may thus see a hint of inhomogeneous recombination in
the bispectrum.
4.13 Conclusions and Discussion
We have analyzed two different ways of integrating the second order photon Boltzmann
equations. It is necessary for the consistency of perturbation theory that it should not
matter if you solve different perturbation orders together or separately and we find that it
is so in this case. We can define a typical second order term to be of the form Θ
(1)
0 × Θ(1)0
with a prefactor of order unity and which can be expected to give rise to a local type non-
Gaussianity parameter |fNL| ∼ 1. Then we have shown that the second order monopole,
dipole and quadrupole are smaller than typical second order terms. Although we have
derived this result in the tight coupling limit to second order in R/τ˙ , the fact that these
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Figure 4.17: Signal to noise ratio for the bispectrum generated by inhomogeneous
recombination for a cosmic variance limited experiment as a function of the maximum
multipole moment `max. S/N due to explicit products of first order terms δeS
`m (Equation
4.36) is ∼ 1 for `max = 2500. Contribution due to Θ(2)2m = 10/9Smδ2 and V (2)m = −1/(1+R)Smδv
is only a few percent of the contributions δeS
`m. Also shown for comparison is S/N from
primordial non-Gaussianity with fNL = 1. The calculations were done including Fourier
modes up to k = 0.5Mpc−1. Contributions from k & 0.4Mpc−1 are negligible.
terms are small is valid in general. This is because the cancellation that causes these terms
to be small occurs in the original Boltzmann equations.
It can be seen that perturbing the electron number density in the first order monopole,
dipole and quadrupole solutions does not work as follows. The full first order solution can be
approximately written as a product of an oscillating part and a damping part. Senatore et
al. [67] perturb just the damping part to estimate the second order solution. The oscillating
part of the solution does not contain explicit dependence on the electron number density but
the equations used in arriving at that solution do depend on the electron number density
[11]. To get the oscillating part we have to expand the baryon momentum equation to first
order in R/τ˙ . The factor of τ˙ however cancels when the baryon momentum equation is
substituted into the photon Boltzmann equation and does not explicitly show up in the
resulting oscillating solution. Similar cancellation happens for the damping solution as well.
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When the electron number density is perturbed in the original equations these additional
factors of τ˙ lead to additional terms in the second order equation that depend on electron
number density perturbation. Thus there is no way to perturb the electron number density
in the first order oscillating and damping solutions to take into account these extra second
order terms and the only way to get the correct second order solution is to solve the second
order Boltzmann hierarchy explicitly as we have done. In particular the terms missed come
from the δeΘ
(1) term in the second order Boltzmann equation which also results in the
cancellation of the first order monopole in the second order Boltzmann hierarchy and gives
the second δe term in Equation 4.8.
In addition the correct solution should satisfy the relation between the second order
monopole and dipole, Equation 4.17 (first equation in the Boltzmann hierarchy). The so-
lutions given in Senatore et al. [67] clearly fail to satisfy this relation. In particular this
relation says that the second order monopole and dipole should have the same dependence
on angular wavenumbers, the factors of Y`m(kˆ). The first order solutions are the solutions
for the transfer functions and depend on only the wavenumber magnitude. So it is not sur-
prising that perturbing the first order solutions fails to capture the angular dependence of
the second order solutions.
Physically what the absence of the first order monopole from the second order Boltzmann
equations means is that if we have a uniform radiation field then scattering by a stationary
inhomogeneous distribution of electrons does not introduce additional inhomogeneities in
the radiation field (in the elastic Thomson scattering limit). The dipole seen in the electron
rest frame contributes to the additional inhomogeneities in the radiation field but it is small
during recombination.
We have calculated the CMB bispectrum due to inhomogeneous recombination. This
was expected to be small because the combination of terms multiplying δe is small. However
calculations by Novosyadlyj [62] showed that δe could be large and this suggested that
the CMB bispectrum could be non-negligible. Although it turns out to be small it is still
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larger than what one might have expected from making an estimate based on tight coupling
or instantaneous recombination approximation [60] and ignoring the perturbations due to
inhomogeneous recombination. This is especially evident at high `max. Also the bispectrum
from recombination looks remarkably like the local type primordial bispectrum, which is
not entirely unexpected since both arise due to product of two first order terms. Since the
other second order terms in the Boltzmann equation [59] maybe larger than the ones we
considered, the present calculation motivates a full second order numerical calculation of
these terms in order to assess their effect on future experiments such as Planck [78] and the
level to which they cause confusion when probing for primordial non-Gaussianity.
Our analysis shows that the second order monopole, dipole and quadrupole can be ne-
glected compared to other terms. The total confusion with the primordial non-Gaussianity
of local type resulting from inhomogeneous recombination is |fNL| . 1 and thus not im-
portant for the Planck satellite mission [78] which is predicted to achieve an accuracy of
∆fNL ∼ 5 [79, 80]. The S/N for the detection of this bispectrum by an ideal full sky
experiment using temperature data alone is ∼ 1. However perturbations in the electron
number density will also have an effect on CMB polarization. If this effect is of a magnitude
comparable or larger than the effect on temperature, a post-Planck, high-resolution, all-sky
mission measuring the CMB temperature and polarization anisotropies may see the imprint
of inhomogeneous recombination in the CMB bispectrum at few sigma level.
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Chapter 5
O-V-S-Z and Friends
The work presented in this chapter was published in R. Khatri and B. D. Wandelt, Astrophys.
J. 711, 1310 (2010) [81]. Reproduced by permission of the American Astronomical society.
5.1 Introduction
Secondary anisotropies [82] in the cosmic microwave background CMB can be used to probe
the universe after recombination. It is also important to take them into account when
using CMB to learn about the initial conditions of the universe. One important class of
secondary anisotropies arises due to the scattering of CMB photons by free electrons during
and after reionization. In this class, cosmologists have so far concentrated on only one of
the terms in the second order Boltzmann equation, the product of electron velocity and
electron number density (vene). It is known as Sunyaev-Zel’dovich effect when the source
of electrons is hot gas in galaxy clusters [83]. If instead of thermal motion velocity due
to the bulk motion of electrons is considered it is known as Ostriker-Vishniac (OV) effect
[84, 85] or kinetic Sunyaev-Zel’dovich (kSZ) effect. There are however additional terms in
the full second order equations [59, 61, 65, 68] which also arise due to scattering of CMB
photons by electrons and which might be important. Most of the work on OV/kSZ effect
has focused on the CMB power spectrum . The CMB bispectrum and trispectrum were
calculated in [86, 87], however they calculated the next to leading order term which is a six
point correlation function of first order terms for the bispectrum. The leading order term in
bispectrum is a four point correlation function of first order terms. They also ignored the
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de-correlation between the linear and the non-linear quantities in their calculation.
The same equations which were were solved for inhomogeneous recombination need to be
solved for inhomogeneous reionization. We will model the inhomogeneous reionization using
the linear perturbation theory of Zhang, Hui and Haiman [88] (hereafter ZHH07). For the
recombination case the Doppler terms which give rise to OV/kSZ effects were found to be sub-
dominant compared to the net contribution from the quadrupole and higher order moments
of the CMB. We will see that this is also the case for reionization. For all calculations the
gauge dependent quantities are in conformal Newtonian gauge. The cosmological parameters
used are baryon density Ωb = 0.048, cold dark matter density Ωc = 0.252, cosmological
constant ΩΛ = 0.7, number of massless neutrinos Nν = 3.04, Hubble constant H0 = 69,
present CMB temperature TCMB = 2.725, primordial Helium fraction yHe = 0.24, spectral
index of primordial fluctuations ns = 0.95 and σ8 = 0.826.
5.2 Inhomogeneous Reionization
We will use the linear perturbation theory of ZHH07 to model reionization. The results
from this model are similar to the bubble model of reionization [89]. Due to the fact that
reionization is sourced by non-linear physics, the validity of any model will have to be tested
with computer simulations (see [90] for a recent review). For our purpose the analytical
treatment of ZHH07, which captures the essential features of reionization on linear scales, is
sufficient. In this model we perturb the radiation transfer equations and equations governing
the ionization and recombination of gas in the presence of sources of radiation. In the limit
that the ionization and recombination almost balance each other, we can expect the linear
equations to work well. This is because even though the individual terms in these equations
can be large, we can club ionization and recombination terms together and the combined
term can still be small. Thus even though the linear theory will not accurately describe the
small scales and regions immediately surrounding the radiation sources where ionization and
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recombination do not balance each other, we can expect them to work well on large scales
when we average over large regions of which the non-linear regions occupy a small fraction.
These large scales are exactly what we are interested in. An important input for this theory
is a model for the distribution of ionizing sources. We will use the extended Press-Schechter
model from ZHH07 which is based on the excursion set treatment of halo formation [91–93]
with the minimum mass of a halo given by virial temperature of 104K corresponding to
where hydrogen line cooling becomes efficient. The spectrum of ionizing radiation is taken
to be a power law
γ(µ)dµ =
ζ
Cβ
e(β+1)µdµ (5.1)
where µ = ln ν−ln ν0, ν is the photon frequency, ν0 = 13.6eV/2pi~ is the ionization threshold
for hydrogen, ~ is the Planck’s constant, γ(µ) is the number of ionizing photons emitted at
frequency ν per unit parameter µ per collapsed hydrogen atom, β is the spectral index of
ionizing radiation spectrum, ζ is the total number of ionizing photons emitted per hydrogen
atom and Cβ =
∫ 10
0
e(β+1)µdµ is the normalization constant with the spectrum cutoff at
µ = 10. We will take into account Helium reionization by assuming that the first ionization
of Helium is identical to that of Hydrogen. Although not strictly correct, it should introduce
only a small error, unimportant for us, since Helium will contribute only about 8% of the
total electrons. Second ionization of Helium is expected to occur at much lower redshifts
[94] and will give a negligible contribution to the CMB bispectrum. We will consider
two different models of reionization arrived at by choosing different values of parameter ζ
in Equation 5.1 with spectral index β = −3. For the first model we choose ζ = 70 to
give the optical depth to the last scattering surface τ0 = 0.087. For the second model we
choose ζ = 1000 resulting in τ0 = 0.14 which can be considered a reasonable upper limit
based on WMAP 5 year results [95]. Figure 5.1 shows the reionization history for these
two models. We will use the RECFAST code [64] to calculate the residual mean electron
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Figure 5.1: Reionization history for two models with optical depth to the last scattering
surface τ0 = 0.087, 0.14.
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Figure 5.2: be ≡ δe/δm for k = 0.01Mpc−1 and optical depth to the last scattering surface
τ0 = 0.087, 0.14.
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number density after recombination switching to reionization code once the electron density
due to reionization exceeds the residual value from recombination. The ratio of electron
number density perturbation to matter density perturbation for comoving wavenumber of
k = 0.01Mpc−1 is plotted in Figure 5.2. We will use the approximate solutions to the
perturbation equations given in ZHH07 and force the electron bias be ≡ δe/δm = 1 once
the universe is fully reionized. This is a very good approximation to the exact equations of
ZHH07 where the bias be goes smoothly to unity. The matter density and hence the electron
number density will be non-linear on small scales and thus will de-correlate with the linear
quantities, for example CMB, on these scales. We will use δe = beδm on all scales, where be
is calculated using linear theory but δm can be non-linear. We will take the de-correlation
into account using the third order perturbation theory. Note that the non-linearity will be
significant only at low redshifts for scales of interest when the universe is fully reionized and
δe = δm exactly. Also for the leading term in the bispectrum we need to correlate CMB
with the electron number density perturbation. However this correlation will be small on
scales much smaller than the horizon size because CMB traces the perturbations at a much
higher redshift than that of reionization. Thus the contributions to the bispectrum from
perturbations in the electron number density will be significant only for scales which are
linear and where we should expect the linear perturbation theory of reionization to work
well.
At low redshifts a significant fraction of baryons are expected to be in a diffuse phase
called warm-hot intergalactic medium (WHIM) [96, 97]. The perturbations in these baryons
are suppressed on small (non-linear) scales compared to the dark matter and for these
baryons the bias be should be less than 1. However the contribution to the bispectrum from
3 < z < 6 is ∼ 10% and contribution from z < 3 is ∼ few%. This is because of the absence
of bias be ∼ 10 due to the inhomogeneities in the reionization process once the universe is
completely reionized and the decreasing optical depth due to the expansion of the universe.
At 3 < z < 6 only a small percentage of baryons are in WHIM (< 10%). Thus their
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contribution to the bispectrum is less than 1% and the error in assuming be = 1 negligible.
We will neglect the ∼ few% contribution from z < 3 in our numerical calculations.
5.3 Cross Correlation Between Matter Density and
Initial Conditions
We will need to calculate the correlation (PX) between the electron number density and
linear perturbation variables or equivalently the cross-correlation between the non-linear
matter density (δm) and linearly evolved matter density (δL). We will be interested in the
CMB anisotropies on scales of angular wavenumber ` ≤ 2500, corresponding to the smallest
scales predicted to be probed by the Planck mission [78]. On these scales it is sufficiently
accurate to calculate the next term in the perturbation expansion which, for PX , means
going to the third order in perturbation theory for matter density perturbation δm. For
Einstein-De Sitter universe (Ωm = 1,ΩΛ = 0) the solution for δm can be written as the
following perturbation series [98–101] (see [102] for a review).
δm(k, η) =
∞∑
n=1
an(η)δn(k), (5.2)
where δ1 is the linear matter density perturbation at z = 0 and δn is of order δ
n
1 , k is the
Fourier wavenumber and η is conformal time. The correlation between the linear and the
non-linear matter density is then given by
〈a(η)δ1(k)δm(k′, η)〉 =a2(η)〈δ1(k)δ1(k′)〉+ a4(η)〈δ1(k)δ3(k′)〉+ higher order terms.
=(2pi)3 δD(k+ k
′)
[
a2(η)P11(k) + a
4(η)P13(k)
]
, (5.3)
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where P11(k) is the linear matter power spectrum at z = 0 and P13 is the correction given
by [103]
P13(k) =
2pik2
504
P11(k)
∫ ∞
0
dq
(2pi)3
P11(q)
[
12
k2
q2
− 158 + 100 q
2
k2
− 42 q
4
k4
+3
k3
q3
(
q2
k2
− 1
)3(
7
q2
k2
+ 2
)
ln
(
k + q
|k − q|
)]
(5.4)
For a general cosmology replacing the scale factor a(η) with the linear growth factor D(η) in
the Einstein De-Sitter solution gives an excellent approximation to the true result [102, 104].
Thus we have
〈δL(k, η)δm(k′, η)〉 =(2pi)3 δD(k+ k′)PX(k, η),
PX(k, η) =D
2(η)P11(k) +D
4(η)P13(k), (5.5)
where P13(k) is negative signifying de-correlation between the linear and the non-linear
density fields as expected.
The ratio of cross power spectrum PX to linear power spectrum Plin(k, η) ≡ D2(η)P11(k)
is plotted in Figure 5.3. For ` ≤ 2500, the CMB bispectrum will get contributions from
Fourier modes k . 0.4Mpc−1. It is evident from Figure 5.3 that for k & 0.1Mpc−1 the matter
density perturbations become mildly non-linear (i.e. 0.75 . PX/Plin . 1). On these scales
comparison with N -body simulations shows that going up to third order in perturbation
theory is a very good approximation while on smaller scales third order perturbation theory
underestimates the cross-correlation between the linear and non-linear matter density fields
[105, 106]. Taking this de-correlation into account results in replacing the linear power
spectrum Plin in the bispectrum expression involving δe by the cross power spectrum PX .
Equivalently we can define an effective transfer function that we can use in the bispectrum
expressions derived for inhomogeneous recombination in chapter 4 for the product of first
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Figure 5.3: Ratio of cross power spectrum between linear and non-linear matter density
fields to linear matter power spectrum (PX/Plin) for different redshifts.
order terms.
δeffe ≡δe
PX
Plin
(5.6)
We will ignore the contribution from Θ
(2)
00 , V
(2)
m and Θ
(2)
2m which amounts to a small error.
The uncertainties in the details of the reionization process are however much greater. The
goal of the present calculation is to get an estimate of the magnitude of non-Gaussianity
from reasonable models of reionization and decide if more precise calculations are called for.
5.4 Bispectrum
The CMB bispectrum is given by
B`1`2`3m1m2m3 =〈a(1)`1m1(x, η0)a
(1)
`2m2
(x, η0)a
(2)
`3m3
(x, η0)〉+ 2 permutations, (5.7)
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where a`m(x, η0) is the spherical harmonic transform of CMB temperature field and super-
script indicates the perturbation order. Taking into account all terms that multiply δe in
the second order Boltzmann equation for photons results in the following expression for the
angular averaged bispectrum (Equation 4.43).
B`1`2`3 =
∑
m1m2m3

 `1 `2 `3
m1 m2 m3

B`1`2`3m1m2m3
=
√
(2`1 + 1)(2`2 + 1)(2`3 + 1)
4pi

 `1 `2 `3
0 0 0

∫ η0
0
dηg(η)
[
B`1δΘ(η)
B`2ΘΘ(η) + B
`2
δΘ(η)B
`1
ΘΘ(η) + B
`2
δΘ(η)B
`3
ΘΘ(η) + B
`3
δΘ(η)B
`2
ΘΘ(η)
+ B`1δΘ(η)B
`3
ΘΘ(η) + B
`3
δΘ(η)B
`1
ΘΘ(η)
]
(5.8)
B`1δΘ(η) =
2
pi
∫
k21dk1P (k1)Θ
(1)
`1
(k1, η0)δ
eff
e (k1, η)j`1 [k1(η0 − η)] (5.9)
B`2ΘΘ(η) =
2
pi
∫
k22dk2P (k2)Θ
(1)
`2
(k2, η0)
[
−
∑
`′′≥2,`′2
i`
′′+`2+`′2(−1)`2(2`′′ + 1)
(2`′2 + 1)

 `′2 `2 `′′
0 0 0


2
Θ
(1)
`′′ (k2, η)j`′2 [k2(η0 − η)]
+ [θb(k2, η)− θγ(k2, η)]
j′`2 [k2(η0 − η)]
k2
+
1
4
Π(1)(k2, η)
{
3j′′`2 [k2(η0 − η)] + j`2 [k2(η0 − η)]
}]
(5.10)
The θb − θγ term in Equation 5.10 is the OV/kSZ term which has been the focus of
extensive research so far. The last term gives negligible contribution. The
∑
`′′ Θ
(1)
`′′ term in
Equation 5.10 is the new term and it, we will find, dominates over OV/kSZ term. During
recombination also this term was found to dominate over other terms. Recently Hernandez-
Monteagudo and Sunyaev have calculated the effect of this term for the scattering of CMB
photons in the galaxy clusters [107].
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5.5 Numerical Results
I use publicly available CMBFAST [23] to calculate all first order quantities. All gauge
dependent first order quantities are in conformal Newtonian gauge. Figure 5.4 shows BδΘ
and contributions from different terms in BΘΘ. It is clear that
∑
`≥2Θ
(1)
` gives the dominant
contribution. Also the OV term has a sign opposite to that of
∑
`≥2Θ
(1)
` term. I cutoff the
sum at ` = 1500 which is sufficient for η . 7500Mpc. The contribution from η > 7500Mpc
(z . 3) to the bispectrum is small (∼few %) because the visibility function is small as evident
from Figure 5.5 and also because the perturbation in the ionization fraction is zero since the
universe is fully ionized by this time and we neglect it. Figure 5.6 shows the absolute value
of bispectrum for our two models of reionization for `3 = 200. The bispectrum is clearly of
local type. It has however a different shape than the primordial bispectrum of local type
parameterized by the parameter fNL. The confusion with the estimators of the primordial
bispectrum of local type can be quantified by using the statistic defined in Equation 4.47.
This is plotted in Figure 5.7. Planck experiment is expected to have error bars on fNL of
∼ 5. The confusion due to the inhomogeneous reionization is much smaller and thus can be
safely ignored while looking for the primordial non-Gaussianity. We can also calculate the
signal-to-noise (S/N) for the detection of the bispectrum due to inhomogeneous reionization
defined in Equation 4.62. This is plotted in Figure 5.8 for our two reionization models and
for primordial non-Gaussianity with fNL = 1. For normal reionization with optical depth
τ0 = 0.087 the S/N for `max = 2500 is 0.1. For the extreme case with τ0 = 0.14 we get
S/N = 0.5, about 20% more than the primordial bispectrum with fNL = 1.
5.6 Conclusions
I have calculated the leading term in the CMB bispectrum due to inhomogeneous reioniza-
tion. The bispectrum consists of product of two terms in Equation 5.8, B`iδΘB
`j
ΘΘ, i, j = 1, 2, 3.
B`δΘ is due to the correlation of electron number density perturbation with CMB. B
`
ΘΘ is
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Figure 5.4: BδΘ and contributions to BΘΘ from
∑
`≥2Θ
(1)
` , OV term θb − θγ titled “Slip”
and Π(1) titled “Pol” multiplied by numerical factors as indicated to make them more
visible. Clearly the dominant contribution to BΘΘ comes from the
∑
`≥2Θ
(1)
` term. All
quantities are plotted for η near the peak of the visibility function before the universe is
fully reionized for both models. Note that the sign of OV term is opposite to that of∑
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(1)
` term.
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Figure 5.5: Visibility function g(η) for our models of reionization
the sum of two terms, the correlation of CMB with the peculiar velocity of electrons ( the
OV or the kSZ term) and the correlation of CMB with all higher order moments of CMB.
Since CMB traces the perturbations at a much higher redshift, the correlation of CMB with
peculiar velocity in B`ΘΘ and the correlation of CMB with electron number density in B
`
δΘ
is small on small scales. In particular the correlation of CMB with CMB in B`ΘΘ dominates
over the peculiar velocity or OV/kSZ term. The bispectrum is of the squeezed triangle type,
i.e., it peaks where one ` mode is much smaller than the other two with the contribution to
the small ` (large scale) mode coming from the correlation of δe with CMB and to that of
large ` (small scale) modes coming from the correlation of CMB with CMB. Note that there
will be some correlation of CMB with δe even on small scales due to Thomson scattering.
If the correlations of CMB with itself are ignored as has been done prior to this work, the
leading term, which is a four point function of first order terms and which we have calculated,
would be small. In that case the next to leading order term will be a six-point correlation of
only the electron number densities and velocities and may be expected to be comparatively
important since the electron number density and the velocity would be strongly correlated
with each other. This six point term was calculated in [86, 87]. However in the regime
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Figure 5.6: Bispectrum for two models of reionization with `3 = 200.The shape of the
bispectrum is of local type.
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Figure 5.7: Confusion with the primordial non-Gaussianity of local type parameterized by
fNL (see Equation 4.47) as a function of maximum angular wavenumber `max.
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Figure 5.8: S/N for our two reionization models assuming a CMB experiment providing a
cosmic variance limited measurement of the anisotropies up to `max. Also shown for
comparison is the S/N for the local type primordial non-Gaussianity with fNL = 1.
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where density is slightly non-linear but velocity is linear, they will get slightly de-correlated.
This was ignored in [86, 87] which might have resulted in overestimation of their S/N. They
also used an instantaneous reionization model which does not include the enhancement in
the electron number density perturbation due to inhomogeneous reionization, be, which is
expected to be greater than one leading to underestimation of their S/N.
The S/N that we get for the leading term including the correlations of CMB with itself
(Figure 5.8) is more than an order of magnitude greater than what was found in [86, 87] for
the next to leading order term. It is still below the detection limit of Planck for the models
considered here. Thus if the reionization occurs at even higher redshifts than our extreme
model or if the bias be = δe/δm is higher than what the model of reionization used by us
predicts, then the imprint of reionization in the CMB bispectrum may be seen by Planck
or post-Planck experiments. There are additional terms in the second order Boltzmann
equation, the second order electron velocity, CMB monopole and quadrupole, that may also
give similar magnitude contributions to the reionization bispectrum. The CMB polarization
may also get important contributions from reionization. However the bispectrum is so small,
except in the extreme cases, that it is unlikely that these additional terms would change our
results significantly. More important is the finding that even in extreme cases the confusion
with the primordial non-Gaussianity of local type is much smaller than one (Figure 5.7).
Thus inhomogeneous reionization should not be a cause of concern when looking for non-
Gaussianity in the initial conditions of the universe in Planck data.
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Chapter 6
21-cm Cosmology: Variation of the
Fine Structure Constant
The work presented in this chapter was published in R. Khatri and B. D. Wandelt, Phys.
Rev. Lett. 98 111301 (2007) [108]; Memorie della Societa Astronomica Italiana, 80, 824
(2009) [22]. Copyright (2007) by the American Physical Society.
6.1 Introduction
Why do the fundamental constants of nature take the values that we measure ? This question
was posed as a fundamental problem of physics in the last century by Dirac [32, 33]. The
standard model does not explain the values of these constants, especially the constants
determining the strength of the four fundamental forces. These constants can indeed vary
naturally, though not necessarily, in space as well as time in Grand Unified Theories (GUTs)
and theories of quantum gravity [35]. Thus a measurement of variation or a constraint on
non-variation of the fundamental constants is an important probe of new physics beyond
the standard model and general relativity. Testing the variation of constants has become
more important in light of current data indicating the presence of dark energy. Dark energy
could be a cosmological constant, which fits current data [109], but could also be evidence for
physics beyond the standard model. It is therefore important to find new ways to distinguish
different models of dark energy. If dark energy couples to the standard particle physics it
could cause variations in the fundamental constants of the standard model [36]. Testing
for variations in the fundamental constants thus also probes the properties of dark energy
[37, 38] and hence is important for any attempt to explain dark energy theoretically.
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The most stringent existing constraints on the value of the fine structure constant in
the early Universe are from the measurements of quasar spectra involving fine structure
transitions. These measurement suggest a change |(αt−α)/α| = |δα/α| . 10−5, where αt is
the value of α at time t [110–112]. For these quasar measurements t corresponds to a z < 3.5.
If the variation is monotonic |δα| would be larger at higher redshifts. If the variation is not
monotonic, then measurements at many different redshifts would be required to trace the
features in its evolution. The constraints at very early times, z > 10, are not very stringent
and come from the CMB (z ∼ 103) and big bang nucleosynthesis (BBN, z ∼ 109 − 1010).
From CMB [113–115] |δα/α| < 3 − 9% and from BBN [116] |δα/α| < 6%. There are no
constraints for redshifts in the range 1000 > z > 10.
The 21 cm absorption of CMB provides an opportunity to constrain α during these “dark
ages.” Also the 21 cm absorption signal is available for a range of redshifts during this period
and thus can be a useful probe for tracing the evolution of α. One advantage of this method
is that we are measuring the amount of absorption of the CMB radiation which depends on
the Einstein emission/absorption coefficients. As we will see below the Einstein coefficients
are more sensitive to changes in α (A10 ∝ α13) than the fine structure/hyperfine structure
splitting itself.
6.2 21-cm Radiation from the Dark Ages
The 21 cm signal from neutral hydrogen after recombination and before re-ionization has
been investigated by many authors [117–120], a detailed review is given in Reference [121].
After recombination the radiation temperature goes down as 1 + z. The baryons however
are prevented from cooling adiabatically due to the small amount of residual electrons which
couple the gas to the radiation through Thomson scattering. At z ∼ 200 this process becomes
inefficient and the matter decouples thermally from the radiation. The hydrogen atoms after
recombination are in the ground state which is split into a singlet and a triplet state due to
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hyperfine splitting. The occupation of the excited triplet state and the lower energy singlet
state can be described by defining the spin temperature by the relation nt/ns = gt/gse
−T?/Ts ,
where nt and ns are the number densities of atoms in triplet and singlet states respectively,
gt and gs are the corresponding statistical weights with gt/gs = 3, T? = 0.068K is the energy
difference between the two states and equals 21 cm in wavelength units and Ts is the spin
temperature [122].
The evolution equations for the gas temperature Tg, CMB temperature Tγ = 2.726(1 +
z)K, ionization fraction x = ne/nH , where ne is the number density of electrons and nH
is the total number density of hydrogen nuclei, and spin temperature Ts can be written as
[66, 120, 123]
dTs
dz
=
4T 2s
H (1 + z)
[(
1
Tg
− 1
Ts
)
C10 +
(
1
Tγ
− 1
Ts
)
Tγ
A10
T?
]
(6.1)
dTg
dz
=
2Tg
1 + z
− 8σT
3mec
4σSB
c
x
1 + xHe + x
T 4γ
H (1 + z)
(Tγ − Tg) (6.2)
dx
dz
=
−Cr
H (1 + z)
(
β (1− x)− nHα2x2
)
, (6.3)
where H is the Hubble parameter at redshift z, C10 =
(
κHH10 nH + κ
eH
10 xnH
)
, κHH10 is the
collisional de-excitation rate from triplet to singlet state for H-H collisions [124, 125], κeH10
is the corresponding cross section for e-H collisions [126], A10 is the Einstein A coefficient
for spontaneous transition, σT is the Thomson scattering cross section, σSB is the Stephan-
Boltzmann constant, me is the mass of electron and c is the speed of light in vacuum .
xHe = nHe/nH , nHe being the number density of Helium nuclei. Cr, β and α2 are defined
by the equations [64, 66, 123]
α2 =F10
−13 4.309(Tg/10
4)−0.6166
1 + 0.6703(Tg/104)0.5300
cm3 s−1 (6.4)
β =
(
mekBTg
2pi~2
)3/2
e−B1/kBTgα2 (6.5)
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Cr =
Λα + Λ2s→1s(1− x)nH
Λα + (1− x)nH(Λ2s→1s + βehc/kBTgλα) (6.6)
where Λα = 8piH (1 + z) /λ
3
α, λα = 8pi~c/3B1 and B1 = α
2mec
2/2. F = 1.14 is the fudge
factor to take into account the non-equilibrium among higher energy levels of hydrogen
[64]. Helium recombination can be ignored since it has no effect on the 21 cm signal.
Solving equations (6.1-6.3) in a given cosmology gives the evolution of spin temperature
with redshift. The change in the brightness temperature of the CMB at the corresponding
wavelength is then given by [122, 127]
Tb =
(Ts − Tγ) τ
(1 + z)
, τ =
3c3~A10nH
16kBν221HTs
, (6.7)
where ν21 = kBT?/h ∼ 1420MHz. The brightness temperature is related to the observed
intensity by the Rayleigh-Jeans formula Tb = Iνc
2/2kBν
2, where Iν is the specific intensity
and ν is the frequency of observation.
There will also be fluctuations in Ts and Tb due to inhomogeneities in nH and Tg which are
related to the primordial inhomogeneities in the gravitational potential [119, 120]. Following
[120] it is convenient to define the angular power spectrum given by C21cm` (z) = 〈a`ma∗`m〉,
where a`m are the expansion coefficients in the spherical harmonic expansion of δTb = Tb−T¯b,
where T¯b is the mean brightness temperature. We will follow [120] in our calculations. The
baryon power spectrum is calculated using CMBFAST [23].
6.3 Effect of Change in α
A different α during recombination affects the CMB power spectrum due to Thomson scat-
tering of photons through equation (6.3) and the Thomson scattering cross section. The
change in recombination history and hence in the ionization fraction (x) can be calculated
following the CMB calculation [128, 129]. As with CMB we will ignore the variation in the
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fudge factor, F , with α in Eq. (6.3) since its effect is negligible. The crucial point is that for
the 21 cm transition, there is the following additional dependence on α in equations (6.1),
(6.2) and (6.7). The Einstein A Coefficient is given by A10 = 64pi
4ν321S21/3hc
3g2, where g2 is
the statistical weight of excited state, S21 = 3β
2
M , βM = eh/4pimec being the Bohr magneton
[130]. Now ν21 ∝ α2R∞ ∝ α4 and T? ∝ ν21, where R∞ is the Rydberg’s constant. Thus
we see that the spontaneous emission coefficient, A10 ∝ ν321β2M ∝ α13, is a very sensitive
function of α.
The α dependence of the collisional de-excitation rate is more complicated. We will
use ab-initio calculations and asymptotic formulae for large separations of potential energy
curves of the ground state and the first excited triplet state of hydrogen molecule to calculate
the spin change collision cross sections [131–136]. These are nothing but the total energy
at a given separation in the clamped nuclei approximation or the expectation values of the
electronic Hamiltonian, He, which has a kinetic energy term (T ) and a Coulomb potential
term (V ):
He = T + V (6.8)
A change in the fine structure constant can be treated as a perturbation in the Coulomb
potential (V ∝ α). Therefore if δ is the fractional change in alpha, so that αnew = α (1 + δ),
then Vnew = V (1 + δ). Now to first order in perturbation theory the expectation value of
the new Hamiltonian is given by
〈Hnew〉 = 〈T + Vnew〉 = 〈He〉+ δ〈V 〉. (6.9)
In above the 〈〉 denote the expectation value over the unperturbed wavefunction everywhere.
Also the change in the derivative to first order is given by δdV/dR. We estimate dV/dR
by fitting a polynomial function to the V-R curve from the ab-initio calculations [131–136].
Thus from the ab initio potential energy curve at unperturbed α, we can construct the first
order corrections when α changes by a small amount. We first calculate the scattering phase
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Figure 6.1: The fractional change in κHH10 with respect to the unperturbed value.
shifts by integrating the partial wave equations and use them to calculate the scattering
cross sections and the rate coefficients (κHH10 ) using the standard scattering theory [124, 125,
137, 138].
I have checked my code by comparing the cross sections for unperturbed α with those
calculated by Zygelman and Allison & Dalgarno [124, 125]. They agree to better than 1%
for Tg > 40K and to 2% for 15K < Tg < 40K. The small error that we make at low
temperatures is due to our ignoring the higher order effects which have been taken into
account in the calculations in [125]. I have verified that this small disagreement at low
temperatures has a negligible effect on the results by repeating all the calculations using
the cross sections in [124, 125] for unperturbed α. Fig. 6.1 shows κHH10 and the fractional
change in κHH10 as a function of temperature for different values of α. Changes in κ
eH
10 due to
variation in α has negligible effect on Tb and can be ignored.
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6.4 Results and Discussion
We will use ΛCDM cosmology with WMAP3 parameters [109] in our calculations. Fig. 6.2
shows the observable Tb as a function of observed redshift (zobs ≡ νnow21 /νobs − 1) where νobs
is the observed frequency today. From Eq. (6.7) Tb ∝ A10/ν221 ∝ α5 giving ∆Tb/Tb = 5%
for 1% change in α. This is approximately the change we see in fig. 6.2. Change in α also
changes the coupling of Ts to Tγ which is opposite to the above mentioned α
5 effect. Also zobs
corresponds to different z for different values of α causing additional change in the signal.
It is clear that the 21 cm brightness temperature is a sensitive probe of the variations in
the fine structure constant. The maximum relative change in the brightness temperature
(∆Tb/Tb) is > 5% at zobs < 50 for a 1% variation in α.
Variations in α also affects the power spectrum of the spatial fluctuations. This is shown
in fig. 6.3 for δα = −2%. The amplitude of the fluctuations is proportional to Tb. Thus we
expect the amplitude of the power spectrum to have similar dependence on α as Tb. There
is however also contribution due to fluctuations in Ts due to inhomogeneities in nH and Tg.
This additional effect causes an increase in the sensitivity to variations in α compared to Tb
at zobs > 100 and a decrease in sensitivity at zobs < 100. There is also a change in the sign
of ∆
√
C21cm` at zobs ∼ 40 which is different from Tb, where this occurs at zobs ∼ 280. This
change in sign is characteristic of the α dependence.
The detectability of the signal is limited by noise due to foregrounds. The noise can be
expressed in temperature units for a single aperture telescope [139] as TN = Tsys/ (∆νtint)
1/2
where  is the aperture efficiency which is close to unity, ∆ν is the bandwidth, tint is the
integration time and Tsys is the system temperature which at low frequencies is the tem-
perature of the galactic foregrounds ∼ 19000K at 22 MHz in a quiet portion of sky [140].
TN ∼ 1.4mK for ∆ν ∼ 4MHz and tint = 2000hrs. This means that the sensitivity of a
single station of a telescope like LWA [141] or LOFAR [142] can give a constraint on ∆α of
∼ 0.85%, improving to ∼ 0.3% for the full LWA. The fundamental challenge to realizing this
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measurement is the required precision to which foregrounds have to be subtracted.
Single aperture telescope will only be sensitive to mean signal and large scale fluctuations
while most of the information in the 21-cm radiation is in the small scale fluctuations. We
can do a Fisher matrix analysis [143] of constraints we can get on the variation of α from the
measurement of small scale fluctuations, the angular power spectrum C21cm` , from a radio
telescope array. To estimate the constraints possible on δα/α from these observations we
calculate the Fisher matrix Fθ for the parameter θ = (δα/α), assuming that all the other
parameters are known.
F iθ =
∑
z
i∑
`=1
fsky(2`+ 1)
2
(
C21cm` (z) + C
N
` (z)
)−2(∂C21cm` (z)
∂θ
)2
,
fsky is the sky fraction observed and the sum is over all redshift slices and ` up to a maximum
` = i. We use the fact that the bandwidth of any experiment is finite only to estimate the
noise CN` and the number of redshift slices available and ignore its damping effect on C
21cm
`
[144]. Bandwidth of 0.4 MHz ensures that the slices are separated by & r/` for ` & 1000 and
are thus uncorrelated. The noise in the frequency range 7 < ν < 47 MHz is dominated by the
sky temperature which follows a power law, (CN` )
1/2 ∝ Tsky ∝ ν−2.5 [140]. For LOFAR [142] I
use the noise estimates of [143] at z=10, scaled to low frequencies using the above mentioned
power law with a bandwidth ∆ν = 0.4MHz and integration time of 3 years. These results
also apply to LWA [141] which has similar specifications as LOFAR. The result of such an
analysis is shown in Figure 6.4. Different curves are for the radio telescopes of different
sizes labeled by the collecting area (with the aperture filling factor assumed to be unity).
Although current telescopes like LOFAR do not have enough collecting area to provide
interesting constraints, a telescope few times bigger can surpass the CMB and big bang
nucleosynthesis constraints while a telescope with a thousand square kilometer of collecting
area will be able to surpass the current best quasar constraints. The 21 cm observations can
also provide a test for the spatial variations of α which should add additional power to the
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Figure 6.4: Constraints on α from 21 cm observations of dark ages for different radio telescopes labeled
by collecting area. Also shown is a current telescope, LOFAR, that is currently operating in Europe.
fluctuations. This is possible only because of the enormous amount of information available
with 21-cm radiation.
We note that in the quasar or laboratory measurements of α we have to measure di-
mensionless quantities, such as the ratio of two fine structure lines of an atom, to avoid
complications associated with the definition of standards of physical units which themselves
depend on α. Cosmological measurements are different from lab or quasar measurements
because in cosmology we can find standards which remain invariant with respect to the vari-
ation of microphysical parameters like the fine structure constant on time scales of the order
of the age of the Universe. In the present case of 21-cm cosmology, the relevant standard
is provided by the CMB temperature. The CMB temperature and the baryon to photon
ratio η = nB/nγ , where nB is the baryon number density and nγ is the photon number
density, are fixed (apart from negligible changes due to scattering etc. at later times) when
the temperature of the Universe is around 0.5MeV and the electrons and positrons have
annihilated. In addition the relative number density of protons or Hydrogen nH is fixed
once the big bang nucleosynthesis is completed around T = 0.01MeV. Similar arguments
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apply to other cosmological parameters. Thus η, TCMB and nH are strict constants after
recombination, redshift z . 1100, in standard cosmology apart from trivial evolution due
to the expansion of the Universe. In particular these are not affected by the variation in
the fine structure constant α or other microphysical constants. Although nH is changed by
processing by stars at late times, this does not affect our calculations which depend only on
nH during the dark ages and which can be constrained using the 21-cm signal.
Thus we can think of measuring the 21-cm transition frequency ν21 (and also the electron
mass me) in the units of CMB temperature. This is in fact what physically also happens.
The absorption of the CMB photons by neutral hydrogen amounts to a measurement of ν21
with respect to the CMB blackbody spectrum. Note that the same arguments cannot be
used for intensity of 21-cm radiation, Iν21 , since the intensity of the CMB radiation is also
a function of frequency and not a strict constant as the CMB temperature, i.e. the CMB
intensity at ν21 depends on ν21.
The 21-cm signal is of course also sensitive to the cosmological parameters. A 1% change
in the baryon density, Ωb, has a ∼ 2% effect on Tb while a 1% change in the Hubble parameter
changes Tb by∼ 3%. Similar change in the Helium fraction from BBN and the matter density,
Ωm, change Tb by < 0.5%. CMB [78] and large scale structure experiments [145, 146] will be
able to determine these parameters to ∼ 1% in the future. Any data analysis constraining
α will have to marginalize over the cosmological parameters including the primordial nH
and η. These parameters do not depend on alpha since we don’t derive them from any
fundamental physics but use them as free parameters to be determined by a joint fit of
cosmological observations including 21-cm observations of the dark ages, CMB and BBN.
Once fixed during very early Universe these parameters are independent of α although we do
not know their exact values. The variation in the 21 cm signal due to variation in α shows a
characteristic dependence on z or νobs. This is difficult to mimic by changing the cosmological
parameters. The unique frequency dependence of the signal due to variation in α means that
we should not expect significant degeneracies with other cosmological parameters.
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This new probe is complementary to CMB and BBN since it is in a different redshift
range and has the potential to provide constraints comparable to or better than the CMB
experiment Planck [114]. The 21 cm signal is also affected by the variation in the electron
to proton mass ratio (µ) and we should expect similar sensitivity to the electron to proton
mass ratio. This is easily seen by observing that
A10 ∝ 1
m2e
(
memp
me +mp
)3
, σT ∝ 1
m2e
(6.10)
etc. The spin change collision cross section also depends on me/mp through the kinetic
term in the electronic Hamiltonian of the hydrogen molecule. A complete treatment should
consider variations in all the constants simultaneously.
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Chapter 7
21-cm Cosmology: Cosmic Strings
The work presented in this chapter was published in R. Khatri and B. D. Wandelt, Phys.
Rev. Lett. 100 091302 (2008) [147]. Copyright (2008) by the American Physical Society.
7.1 Introduction
There has been a revival of interest in cosmic strings, the line like topological defects of
cosmic length, after it was found that they can arise in the superstring theories in braneworld
inflation scenarios [39]. They are also found to be inevitable in a wide class of supersymmetric
Grand Unified Theories (GUTs) [148]. Historically cosmic strings were found to form in
GUTs during phase transitions in the early Universe along with the other topological defects
like monopoles and domain walls [149]. Unlike monopoles and domain walls, which very
quickly dominate the energy density of the Universe if formed after inflation, strings approach
a scaling solution and can remain sub-dominant [150]. In brane inflation only cosmic strings
and no monopoles or domain walls are produced [151].
Cosmic strings were proposed as a mechanism for generating the primordial fluctuations
which later grew to form the large scale structures we see today [152]. The Cosmic Mi-
crowave Background (CMB) anisotropies and the matter power spectrum arising from the
fluctuations seeded by cosmic strings are very different from those generated from inflation
[153]. Inflation just prescribes the initial fluctuations at the end of inflation generated once
and for all, which then just evolve. Cosmic strings generate fluctuations throughout the
history of the Universe. One effect of this is that the fluctuations generated at different
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times add up out of phase and wash out the acoustic oscillations in the CMB. The discovery
of the acoustic peaks by CMB experiments [109, 154] was a major success for inflation and
ruled out cosmic strings as the dominant mechanism for seeding the cosmic perturbations.
A sub-dominant contribution from cosmic strings to the cosmic perturbations is still not
ruled out with the current constraint on the cosmic string tension Gµ . 10−7 for classical
strings [155]. Cosmic strings if discovered either through their gravitational lensing effects
[156], through the gravitational waves produced at string cusps or decaying loops [157] or
through their effect on the CMB and the matter power spectrums will provide insight into
the fundamental physics at high energies which is beyond the reach of currently planned
terrestrial experiments.
21-cm radiation from z ≥ 30 is an excellent probe of the state of the Universe at that
time. This radiation can probe much smaller scales than the CMB, in the redshift range
30 ≤ z ≤ 200, and provides a three dimensional view of the Universe before reionization
[119]. It has been shown to be an excellent probe of the fundamental physics like variation
of constants (fractional variation in the fine structure constant of . 10−5 with 104km2
collecting area), non-Gaussianity from inflation (non-Gaussianity parameter fNL ∼ 0.01−1),
dark matter and inflationary fundamental physics [108, 158, 159]. We will show that it
can, in principle, put unprecedented tight constraints on the cosmic string contribution
to the perturbations in the matter or equivalently on the string tension Gµ, and possibly
other parameters, which translates into constraints on the GUTs and the superstring theory.
G is the gravitational constant and µ is the string mass per unit length so that Gµ is
dimensionless.
7.2 Cosmic Strings
Cosmic strings arise in GUTs and superstring theories whenever there is a phase transition in
the Universe if the vacuum manifold contains unshrinkable loops, e.g. U(1). The superstring
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theory can produce a variety of cosmic strings, which can be fundamental (F-)strings or D-
strings produced during annihilation of D-branes. The string tension for these strings in
brane inflation models is 10−12 . Gµ . 10−6 [151, 160, 161]. Just like the classical cosmic
strings from GUTs, they are wiggly, can intercommute and form loops which can decay
into gravitational radiation or elementary particles. The main difference from the classical
cosmic strings of GUTs is that their intercommuting probability can be less than unity.
Also different kinds of strings can form bound states [162]. The superstring theory string
networks have scaling solutions [163] just like the classical strings [150] i.e. the total length
of the strings inside a horizon volume is proportional to the horizon size at any time and the
string energy density is a constant fraction of the dominant energy density component of
the Universe in the radiation dominated as well as matter dominated eras, preventing them
from dominating. This also makes possible to construct simpler models of string networks
which can than be used to study their impact on cosmology. Also since the perturbations
produced by cosmic strings are independent of the inflationary initial conditions, the two
kind of perturbations can be evolved independently and the resulting power spectra for CMB
or matter added together to get the total power spectrum.
The long wiggly cosmic strings have a structure that resembles a random walk on scales
larger than the horizon but are straight on small scales [164]. We will use the CMBACT
code developed by Pogosian and Vachaspati [165] which is based on CMBFAST [23]. Wiggly
strings are modeled in the code as independent pieces of small strings whose length is taken
to be of the order of the correlation length of the pieces of strings derived from numerical
simulations. The intercommuting probability (P ) is taken to be unity. The wiggliness on
small scales results in the effective string tension and mass per unit length of the string
observed by a distant observer to differ [166] with the equation of state U˜ T˜ = µ2, where U˜
and T˜ are the effective mass per unit length and tension of the wiggly string. Thus at scales
greater than the scale of wiggles, the matter around experiences a Newtonian gravitational
potential in addition to the deflection due to the conical space around the string [167]. The
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wiggliness can be controlled in CMBACT by a wiggliness factor α defined by the equations
U˜ = αµ and T˜ = µ/α [165].
7.3 21-cm Radiation due to Cosmic Strings
The 21-cm signal depends on the peculiar velocity of gas in addition to the density fluctu-
ations. In general we can have peculiar velocity due to scalar perturbation in the metric as
well as vector perturbations. Vector perturbations in the standard cosmology decay due to
the expansion of the Universe and are usually ignored. The scalar contribution to the pecu-
liar velocity comes from the collapse of density fluctuations and is thus of similar magnitude
as the density fluctuations. When cosmic strings are present, they continuously generate
vector perturbations in the metric and we should expect a non-negligible extra contribution
to the peculiar velocity of gas. Figure 7.1 shows the comparison of scalar and vector mode
contribution to the peculiar velocity calculated using CMBACT [165]. CMBACT averages
over many simulations of the cosmic string network to get mean fluctuations generated by
cosmic strings. For vector modes I have used only 15 string network simulations to save
computation time resulting in a slightly noisy curve. Scalar curve averages over 100 simula-
tions.
We will ignore the contribution of the vector modes to peculiar velocities since it is sub-
dominant (< 1%) compared to the scalar mode contribution at scales of interest (` > 1000).
All quantities except the physical and atomic constants are functions of z. There will be
spatial fluctuations in Tb and Ts caused by the fluctuations in nH and Tg, which in the
redshift range of interest are related to the linearly evolved primordial perturbations in
standard inflationary cosmology. We will see below that the cosmic strings, if they exist,
can add a significant contribution to these fluctuations.
Expanding the fluctuations in the brightness temperature δTb = Tb − T¯b, where T¯b is the
mean brightness temperature, in spherical harmonics, we get the angular power spectrum
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Figure 7.1: 21-cm scalar and vector mode angular power spectra for cosmic strings from
z=40 for Gµ = 10−6. Vector mode curve is a bit noisy because it uses only 15 string
network simulations but it gives an good idea of the relative amplitude of two modes.
C`(z) = 〈a`ma∗`m〉, where a`m are the coefficients in the spherical harmonic expansion of δTb.
Following [120] we can write,
C i`(z) =
∫
d3k
(2pi)3
P i(k, z)S`(k, z),
where P (k, z) is the baryon (Fourier) power spectrum, index i = ad or cs for adiabatic
perturbations from inflation or perturbations from cosmic strings respectively. We have
incorporated the 21-cm physics into Sl(k, z) [120].
7.4 Results
I have calculated P ad(k, z) using CMBFAST [23] and P cs(k, z) using CMBACT [165]. The
cosmological parameters are from WMAP3 assuming ΛCDM cosmology [109]. For the cos-
mic string model in CMBACT, I use initial rms velocity of 0.65, wiggliness factor in the
radiation era of 1.9 and initial correlation length of 0.13 times the initial conformal time,
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Figure 7.2: Angular power spectra from inflationary adiabatic initial conditions and cosmic
strings.
motivated by numerical simulations [164, 168]. The intercommuting probability of strings
is taken to be unity, which means classical strings. The effect of smaller intercommuting
probability will translate into a denser network which will make Gµ smaller for the same am-
plitude of the string generated perturbations. Our predicted constraints on Gµ are therefore
conservative.
The angular power spectra for two redshifts are plotted in Fig. 7.2 for Gµ = 10−7 along
with the inflationary spectra. One important feature of the cosmic string power spectrum is
that it turns over at smaller scales compared to the inflationary adiabatic power spectrum.
This is due to the fact that the strings continue to generate perturbations actively at all
times. To estimate the constraints possible on Gµ from these observations we calculate the
Fisher matrix Fθ for the parameter θ = (Gµ/10
−7)2, assuming that all the other parameters
are known.
F iθ =
∑
z
i∑
`=1
fsky(2`+ 1)
2
(
Cad` (z) + C
N
` (z)
)−2(∂C`(z)
∂θ
)2
,
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Figure 7.3: Constraints from current and future experiments on Gµ for a sky fraction of
10%, bandwidth of 0.4 MHz and integration time of 3 years. Also marked is the constraint
on Gµ achievable by a full sky cosmic variance limited experiment for the parameters
assumed in the present calculation.
where C` = C
ad
` +C
cs
` , fsky is the sky fraction observed and the sum is over all redshift slices
and ` up to a maximum ` = i. We use the fact that the bandwidth of any experiment is
finite only to estimate the noise CN` and the number of redshift slices available and ignore
its damping effect on C` [144]. Bandwidth of 0.4 MHz ensures that the slices are separated
by & r/` for ` & 1000 and are thus uncorrelated.
The noise in the frequency range 7 < ν < 47 MHz is dominated by the sky temperature
which follows a power law, (CN` )
1/2 ∝ Tsky ∝ ν−2.5 [140]. For LOFAR [142] we use the noise
estimates of [143] at z=10, scaled to low frequencies using the above mentioned power law
with a bandwidth ∆ν = 0.4MHz and integration time of 3 years. These results also apply
to LWA [141] which has similar specifications as LOFAR. Fig. 7.3 shows the constraints
on Gµ assuming an error of 1/2(F `θ )
1/2 (the factor of 2 comes in when we convert the error
on θ to the error on θ1/2) for LOFAR, two futuristic experiments and the cosmic variance
limit assuming that the foregrounds can be removed at required precision [143, 169]. Most
of the information on Gµ is at ` > 104 as is clear from an inspection of the power spectra
also. For the cosmic variance limit we use the fact that there are more independent modes
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at high `, ∆ν ≈ ν2rH/ν21`c [119] to calculate the number of redshift slices. The curve
labeled (100 km)2 corresponds to a futuristic telescope of size 100 km and collecting area
of 104 km2 that will reach out to ` ∼ 105 and Gµ ∼ 10−10. A (1000 km)2 telescope will
be needed to constrain Gµ ∼ 10−12. Such a telescope might be possible not only on Earth
but also in space [170] or on the far side of Moon [171]. To reach Gµ ∼ 10−14 will require
a collecting area of 1012 km2. Reaching the cosmic variance limit of ∼ 10−15 may not be
possible because the scattering of radio waves by the ionized interstellar medium will limit
the smallest angular scales (∝ ν−2) that can be observed [172]. In particular the ` > 106
modes will not be available at all redshifts.
It is clear from Fig. 7.3 that the information content of the 21-cm signal is huge and can
in principle constrain Gµ ∼ 10−16, if we have a cosmic variance limited measurement on the
full sky. This corresponds to a phase transition energy scale of 1011 GeV for GUT theories.
If we take µ ∼ 2M2s for D-brane strings, this means bounds on the superstring mass scale,
Ms, down to ∼ 1011 GeV [151]. In reality only a fraction of the sky would be available due
to our being confined to the galaxy and small scale modes may not be available because
of the interstellar scattering of radio waves, but even then the 21-cm signal has impressive
constraining power over Gµ. The power at small scales due to cosmic strings is in fact
underestimated in this linear calculation. Cosmic strings generate wakes behind them, which
have a density contrast of unity, that is not taken into account here and which would enhance
the power due to cosmic strings at small scales through non-linear gravitational evolution.
This is just the information contained in the power spectrum. Higher order correlations will
provide additional discriminating power to check for the signatures of perturbations seeded
by a network of cosmic strings. The non-Gaussianities due to cosmic strings would be larger
due to the highly non-linear nature of the perturbations at small scales and different from
those produced during inflation [158]. This impressive constraint is due the fact that there
are large number of modes available at high ` so that the statistical errors become very
small.
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High redshift 21-cm observations thus provide a rare observational window into the su-
perstring theory and supersymmetric grand unified theories through cosmic strings.
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Chapter 8
Conclusions and Outlook
I conclude this dissertation with a summary of the work done and a look at the observational
situation for the CMB and 21-cm observations.
8.1 CMB
The next generation of cosmic microwave background (CMB) experiments will reach a level
of precision where the first order perturbation theory may not be accurate enough to interpret
the observations. This has inspired the recent research into the second order cosmological
perturbation theory, including my own. Most of the recent research on the second order
perturbation theory for CMB has focused on temperature [67, 173] with some work on
polarization [61, 174].
8.1.1 Non-Gaussianity in CMB Temperature
I have calculated the bispectrum due to inhomogeneous recombination taking into account
all terms in the second order Boltzmann equation for CMB temperature which depend on
the electron number density perturbation δe. The main result is that the bispectrum is of
local type with confusion with the primordial bispectrum of fNL ∼ −1. The cancellation
of first order CMB monopole in the second order Boltzmann equation partially negates the
effect of enhancement in the electron number density perturbation and is the main reason
for the small bispectrum. Senatore et al. argued in [67] that the intrinsic second order terms
in the Boltzmann equation, the second order monopole, baryon velocity and the quadrupole,
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may be equally important. I have explicitly calculated these terms by approximately solving
the second order Boltzmann hierarchy and found them to give a negligible contribution to
the bispectrum compared to the rest of terms. Inhomogeneous recombination is thus not a
major source of confusion with the primordial non-Gaussianity for Planck at least for CMB
temperature.
Inhomogeneities in the reionization are sourced by small scale non-linear astrophysics
which is difficult to model analytically. The resulting large scale inhomogeneities can how-
ever be modeled and there are different analytical models that have been developed. I have
used the linear perturbation theory of reionization of Zhang et al. [88] to calculate the per-
turbation in the electron number density perturbation and the resulting CMB temperature
bispectrum. I use the third order perturbation theory to take into account the decorrelation
of matter density with the initial conditions in the mildly non-linear regime. The bispec-
trum is of local type with confusion with primordial non-Gaussianity of fNL = −0.1 ∼ −0.2
for CMB optical depth to the last scattering surface τ = 0.087 ∼ 0.14 and is thus not an
important contaminant.
8.1.2 Non-Gaussianity in CMB Polarization
CMB polarization contains valuable information about the initial conditions and it is impor-
tant to ascertain the effects of second order contributions to CMB polarization in addition to
CMB temperature for high precision experiments like Planck. Inhomogeneous recombination
and reionization can contribute significantly to the CMB polarization at second order. The
contribution to the polarization relative to the primordial non-Gaussianity may in fact be
significantly larger than in the case of temperature. This can be seen by looking at the first
order Boltzmann equations for the CMB temperature and polarization. For temperature we
have [11]
Θ˙ + ikµΘ+ Φ˙ + ikµΨ = −τ˙
[
Θ0 −Θ+ µvb − 1
2
P2(µ)Π
]
, (8.1)
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where Θ = ∆T/T is the perturbation in the CMB temperature, over-dot indicates derivative
with respect to conformal time η, µ = kˆ.nˆ, nˆ is the direction along line of sight or photon
momentum, Φ and Ψ are metric perturbation in conformal Newtonian gauge, subscripts on
the temperature and polarization perturbations indicate the order in multipole decomposi-
tion, vb is the baryon velocity, P2 is the Legendre polynomial of order 2, Π = Θ2+ΘP2+ΘP0
and ΘP is the strength of polarization which is related to the Stokes parameters Q and U .
−τ˙ = neσTa is the differential optical depth due to Thomson scattering and a is the scale
factor. At second order, the right hand side contributes a source term on perturbing the
electron number density ne = n¯e(1 + δe). On decomposing the temperature perturbation
inside the brackets into multipoles, Θ(k, µ, η) =
∑
`(−i)`(2`+ 1)P`(µ)Θ`(k) we see that the
monopole cancels while the dipole is also cancelled partially by vb. This is the reason for a
small bispectrum even though δe may be large. The Boltzmann equation for polarization is
Θ˙P + ikµΘP = −τ˙
[
−ΘP + 1
2
(1− P2(µ))Π
]
. (8.2)
There is no strong cancellation of terms in the polarization equation on the right hand
side. Thus we may expect a large (and potentially observable) bispectrum from polarization
compared to the primordial bispectrum from polarization.
Polarization in an ideal experiment contains more (and complementary) information
than temperature while for the Planck satellite polarization information provides important
improvement in the signal to noise [80]. Thus accurately taking the second order effects into
account is as important for polarization as it is for the temperature.
Planck CMB experiment is predicted to be cosmic variance limited for temperature but
not for the polarization data. There are several polarization experiments in progress or
being planned to measure CMB polarization at high precision. These include balloon based
experiment EBEX [175] which will cover small parts of the sky at high resolution of ∼ 8
arcminutes and SPIDER [176] which will cover large part of the sky at lower resolution of
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∼ 1 degree. Probing primordial non-Gaussianity will however require covering full sky at
high resolution. This will be accomplished by the next generation or post-Planck satellite
missions such as CMBPol [177] and B-pol [178] which are currently being studied and are
hoped to be launched in the next decade. It will be important for these future experiments
to extend my work on the second order CMB temperature to CMB polarization.
8.2 21-cm Cosmology
Dark ages, the era between recombination and reionization, provides the only opportunity to
constrain the initial conditions at < 1 Mpc scales. CMB power is damped heavily on these
scales while at lower redshifts the perturbations become non-linear and decorrelate with the
initial conditions. 21-cm hyperfine transition of hydrogen is the only way to observe this era
since, as the name suggests, there are no collapsed objects like stars and quasars to light up
the Universe. 21-cm radiation is also the best method to study the details of the reionization
process and the formation of first structures. This is indeed the goal of the low frequency
telescopes being built around the world (MWA in Australia, LOFAR in Europe, 21cma in
China, LWA in USA etc). Even in the low redshift Universe neutral hydrogen traces the
baryons on large scales and may provide a cheaper and efficient way to measure the large
scale structure [179]. Now is thus an opportune time to make predictions about the science
we can get from the 21-cm cosmological observations.
8.2.1 Variation of Fine Structure Constant
The atomic physics which determines the 21-cm signal depends strongly on the fine struc-
ture constant because of the hyperfine nature of the transition. Whether the fundamental
constants vary in space and time is an important question in fundamental physics. I have
calculated the effect that the variation of the fine structure constant will have on the 21-cm
signal from the dark ages and found that it can give constraints competitive with the best
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quasar constraints that we have today.
8.2.2 Cosmic Strings
Cosmic strings, the line like topological defects of cosmic length, have been predicted to
form in the phase transitions in the early Universe by grand unified theories. Recently they
have also been found in the phase transitions in the superstring theories. Thus detection or
constraints on the cosmic strings provides an insight into the fundamental physics. Cosmic
strings create additional perturbations in the matter density throughout the history of the
Universe and thus modify the matter power spectrum. I have analyzed how cosmic strings
would modify the 21-cm power spectrum. The future 21-cm observations of the dark ages
may be able to provide more stringent constraints than any other possible method. The
reason is the large amount of information potentially available in the 21-cm signal.
8.2.3 21-cm Observations and Foregrounds
21-cm observations of the dark ages is the last frontier in cosmology and it will be some
time before we get there. Near future experiments like LOFAR [142] in Europe, MWA [180]
in Australia, GMRT [181] in India etc will observe the Universe at redshifts . 10 where
the non-linear astrophysics determines the signal. On scales which are larger than those
of the sources which ionize and heat the gas it might be possible to use the 21-cm signal
as a tracer of the matter distribution. The first detection of large scale structure in 21-cm
maps has already been made [182]. Theoretical studies have so far included using baryon
acoustic oscillations in 21-cm maps as a probe of dark energy [179] and cross correlating the
21-cm signal with the large scale structure and CMB. Cross correlation with CMB relies
on secondary anisotropies in the CMB due to Thomson scattering during reionization [183],
ISW effect [184] and lensing of CMB [185]. The studies so far have focused on the large
scales. The CMB secondary anisotropies however become significant only on non-linear
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scales, for example, the non-linear ISW effect and lensing produces a significant, potentially
detectable, bispectrum [186]. We should thus expect a larger correlation between CMB and
21-cm signal on the non-linear scales (` & 100 at low redshifts) than on the linear scales,
which combined with the fact that there are more modes available on small scales should
make this correlation detectable.
An important advantage of using the 21-cm observations is that we get the accurate
redshift information for free, while extracting accurate redshifts in the large galaxy surveys
remains a major challenge. 21-cm observations thus provide a faster and cheaper way to
map the matter distribution in the Universe compared to galaxy and cluster surveys [187].
21-cm observations of low and high redshift Universe will provide a wealth of cosmological
data in the future. The challenge in extracting cosmological information from these surveys
will lie in separating out the non-linear astrophysics. This may be possible by, for example,
cross correlating the 21-cm signal with other surveys like the CMB [185] or with 21-cm signal
from different redshifts [188].
As we saw when doing the Fisher Matrix analysis for 21-cm signal, the biggest challenge
for doing 21-cm cosmology is the presence of a foreground signal which is many orders of mag-
nitude larger than the cosmological signal. Several promising foreground removal strategies
have been proposed in the literature [143, 169, 189, 190]. The foregrounds can be removed
from the cosmological signal due to the following reason. The foregrounds are expected to
be smooth in frequency while the cosmological signal traces a Gaussian random field and
would be uncorrelated for frequencies sufficiently separated. Thus the detection of the cos-
mological signal is challenging but possible by, for example, fitting a polynomial function
in frequency to the foregrounds. Interstellar scattering may limit the smallest scales that
are observable to ` . 106 [172]. Terrestrial EM interference from radio/TV/communication
and Earth’s ionosphere poses problems for telescopes on ground. Earth related problems
may be solved by going to the Moon and there are proposals for doing so, one of which is
the Dark Ages Lunar Interferometer (DALI) [3]. In the near term Long Wavelength Array
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(LWA) [141] is being built in New Mexico, USA with a collecting area of ∼ 1km2. One of
the goals of LWA is to characterize the properties of the 21-cm galactic and extragalactic
signals which serve as foregrounds for the cosmological signal. LWA will also serve as a test
of technology which would lead to the development of DALI. Since one of the challenges for
21-cm cosmology is analyzing data from large telescope arrays, a Fast Fourier Transform
Telescope [191, 192] has been proposed where the configuration of the radio array is chosen
to have certain symmetries so as to take advantage of the fast Fourier transform techniques
resulting in a significant reduction in the computational requirements.
21-cm cosmology is thus a work in progress on both the theoretical and experimental
sides and we should see some interesting results in this field in the coming years.
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Appendix A
Transforms
There are several conventions in use in scientific literature for the Fourier transforms and
spherical harmonic transforms. We will follow the conventions defined below.
A.1 Fourier Transforms
We define the Fourier transform F (k) of a function f(x) defined on a spatial 3−surface with
coordinates x by
F (k) =
∫
d3k
(2pi)3
eik.xf(x) (A.1)
and the inverse transform is thus given by
f(k) =
∫
d3xe−ik.xF (k) (A.2)
A.2 Spherical Harmonics
We follow conventions of [70] for spherical harmonics Y`m(θ, φ) with 0 ≤ θ ≤ pi and 0 ≤ φ ≤
2pi. In particular we define the phase such that
Y`0(0, 0) =
√
2`+ 1
4pi
(A.3)
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The complex conjugate Y ∗`m(θ, φ) satisfies
Y ∗`m(θ, φ) = Y`m(θ,−φ) = (−1)mY`−m(θ, φ). (A.4)
The spherical harmonic transform a`m of a function f(θ, φ) satisfying
∫ 2pi
0
dφ
∫ pi
0
dθ sin θ|f(θ, φ)|2 <∞ (A.5)
is defined by
a`m =
∫ 2pi
0
dφ
∫ pi
0
dθ sin θY ∗`m(θ, φ)f(θ, φ) (A.6)
and the inverse by
f(θ, φ) =
∞∑
`=0
∑`
m=−`
a`mY`m(θ, φ). (A.7)
We also define multipole moments of a function of single variable f(µ),−1 ≤ µ ≤ 1 as
f` =
1
(−i)`
∫ pi/2
0
∫ 1
−1
dµ
2
P`(µ)f(µ), (A.8)
where P`(µ) is the Legendre polynomial of order `. The inverse transform is given by
f(µ) =
∞∑
`=0
(−i)`(2`+ 1)P`(µ)f`. (A.9)
We will use Clebsch-Gordan coefficients (C`3m3`1m1`2m2) or Wigner 3jm symbols, whichever
seems more convenient. The relation between the two is given by

 `1 `2 `3
m1 m2 m3

 = (−1)`3+m3+2`1 1√
2`3 + 1
C`3m3`1−m1`2−m2 (A.10)
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and
C`3m3`1−m1`2−m2 = (−1)`1+`2+m3
√
2`3 + 1

 `1 `2 `3
m1 m2 −m3

 (A.11)
The Clebsch-Gordan coefficients C`3m3`1m1`2m2 vanish unless the the following conditions are
satisfied:
mi ∈ {−|`i|, . . . , |`i|} (A.12)
|`1 − `2| ≤ `3 ≤ `1 + `2 (A.13)
m1 +m2 = m3 (A.14)
`1 + `2 + `3 ∈ Z, (A.15)
where Z is the set of all integers. `i and mi can be either integers or half-integers.
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Appendix B
Useful Identities
B.1 Identities Involving Spherical Harmonics
Some identities we have used are given below. For details and original references see [70].
B.1.1 Addition Theorem for Spherical Harmonics
P`(nˆ1.nˆ2) =
4pi
2`+ 1
∑`
m=−`
Y ∗`m(nˆ1)Y`m(nˆ2), (B.1)
where we have variables (θ1, φ1) with the unit vector point along that direction in spherical
polar coordinates, (nˆ1) etc.
B.1.2 Addition Theorem for Spherical Waves
zL(|k1 + k2|r)YLM(k̂1 + k2) =
√
4pi(2L+ 1)
∑
`1`2m1m2
i`1+`2−L(−1)M
√
(2`1 + 1)(2`2 + 1)j`1(k1r)z`2(k2r)

 `1 `2 L
0 0 0



 `1 `2 L
m1 m2 −M

Y`1m1(kˆ1)Y`2m2(kˆ2),
(k1 < k2) (B.2)
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where z`(x) =
√
pi/2xZL+ 1
2
, ZL+ 1
2
is any of the cylinder functions and the sum is over all
allowed values of `1, `2,m1,m2. The above equation is valid for arbitrary values of k1 and k2
if z` = j`, the spherical Bessel function of first kind. For general z` Equation B.2 is valid for
k2 < k1 after interchanging k1 and k2.
B.1.3 Expansions of Functions of k and r
The expansion of the exponential function is given by:
eikˆ.ˆr = 4pi
∞∑
`=0
i`j`(kr)
∑`
m=−`
Y ∗`m(kˆ)Y`m(rˆ). (B.3)
We also have
k.r =
4pi
3
kr
1∑
m=−1
Y ∗1m(kˆ)Y1m(rˆ). (B.4)
B.1.4 Integrals Involving Spherical Harmonics
∫ 2pi
0
dφ
∫ pi
0
dθ sin θY`m(θ, φ) =
√
4piδ`0δm0 (B.5)∫ 2pi
0
dφ
∫ pi
0
dθ sin θY`1m1(θ, φ)Y`2m2(θ, φ) = (−1)m2δ`1`2δ−m1m2 (B.6)∫ 2pi
0
dφ
∫ pi
0
dθ sin θY`1m1(θ, φ)Y`2m2(θ, φ)Y`3m3(θ, φ)
=
√
(2`1 + 1)(2`2 + 1)(2`3 + 1)
4pi

 `1 `2 `3
0 0 0



 `1 `2 `3
m1 m2 m3

 (B.7)
We can extend the above formulas to integrals over products of arbitrary number of spherical
harmonics using the following Clebsch-Gordan expansion:
Y`1m1(θ, φ)Y`2m2(θ, φ) =
∑
LM
√
(2`1 + 1)(2`2 + 1)
4pi(2L+ 1)
CL0`10`20C
LM
`1m1`2m2
YLM(θ, φ) (B.8)
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B.2 Wigner 3jm Symbols
Some useful sums involving Wigner 3jm symbols. See [70] for an extensive list of formulas.
∑
m1
(−1)`1−m1

 `1 `1 `2
m1 −m1 m2

 =√2`1 + 1δ`20δm20 (B.9)
∑
m1m2
(−1)`1−m1+`2−m2

 `3 `1 `2
−m3 m1 m2



 `1 `2 `′3
−m1 −m2 m′3


=
(−1)`3+m3
2`3 + 1
{`1`2`3} δ`3`′3δm3m′3 (B.10)
∑
m′1m
′
2m
′
3
(−1)`′1−m′1+`′2−m′2+`′3−m′3

 `′1 `1 `′2
m′1 m1 −m′2



 `′2 `2 `′3
m′2 m2 −m′3



 `′3 `3 `′1
m′3 m3 −m′1

 =

 `1 `2 `3
−m1 −m2 −m3




`1 `2 `3
`′3 `
′
1 `
′
2

 , (B.11)
where the last symbol in braces is the 6j symbol and {`1`2`3} is the 3j symbol
{`1`2`3} =


1 if `1 + `2 + `3 is integer and |`1 − `2| ≤ `3 ≤ `1 + `2,
0 otherwise.
(B.12)
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